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This is an attempt to convert [5] to the atlas setting, and write down ex-
plicit recursion formulas for the Kazhdan-Lusztig-Vogan polynomials which
arise.

1 The Setup

The starting point is: a group G, a Cartan involution #, and another involu-
tion o of finite order, commuting with 6.

It is natural to consider the coset o K = {c oint(k) | k € K} C Aut(G).
Every element of this coset commutes with 6.

We’re mainly interested when o is an involution, especially the case o = 6.

Now fix a pinning P = (H, B,{X,}), and write d,e¢ € Aut(G) for the
images via the embedding Out(G) — Aut(G) (the image consists of P-
distinguished automorphisms). Then 4, ¢ € Aut(G) commute.

We now introduce the usual atlas structure. See [1] for details. Let

%G = G % (6) be the usual extended group; o acts on it, trivially on d.

Recall X = {¢ € Normgs(H) | €2 € Z(G)}/H, and X is the numerator.
We’ll write x for elements of X', £ for elements of X , and p : X — X. Tt is
important to distinguish between elements of X" and X'.

For £ € X, let 0 = int(£) € Aut(G), K¢ = G%.The restriction of 6 to H
only depends on p(§) € X, and is denoted 6,. It is important to remember
6, is only an involution of H, not of GG, and K, is not well defined.

It is immediate that o(X) = X.

After conjugating we can assume 6 = int(&y) for some & € X. Let
xo = p(&), and define Xy = {x € X |z is G-conjugate to zo} (G-conjugacy
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of elements of X is well defined). Let K = G’ = K. Then there is a
canonical bijection Xy <+ K\G/B.

Since {0,0} = 1, o acts on K\G/B. Write # — o'(x) for the auto-
morphism of Xj, corresponding to the action of ¢ on K\G/B. We need to
compute o,

The condition {0, 0} = 1 holds if and only if (&) € £, Z. It is convenient
to define 2o = o(§5 )& € 27, so

o (&) = &0z -

The choice of inverse on 20 is so that it goes away later.) It makes sense to
g
write:

(1.1) o(wo) = Tozy '
(both sides being defined up to conjugacy by H).

Proposition 1.2 After replacing o by another element of K, we may as-
sume o normalizes H. Define v € Normg(H) by o(B) = vBv~!. Then

(1.3)(a) ol(z) =vlo(z)vzg (7€ Xyp).

If sigma preserves the base orbit, i.e. o(K - B) = K - B, then after replacing
o with another element of 0 K we may assume o normalizes (B, H). In this
case

(1.3)(b) ol (z) = o(z) 2.

The coset vH of vin W = Normg(H)/H is well defined, and it makes no
difference if we view v as an element of Normg(H) or W.

Remark 1.4 After replacing o with another element of c K we may assume
o(H) = H, and o(BN K) = BN K. Having done this, we conclude v
normalizes BN K. The normalizer in W of BN K, equivalently pg, is very
small; in particular it is a product of Ay factors.

Assume o(K - B) = K - B, i.e. v = 1. Then we are in the following
setting. We have an involution ¢ and an automorphism o, preserving (B, H),
and commuting with #. The induced automorphism of (W, .S) also written o,
has finite order (.S is the set of simple reflections). Finally the corresponding
automorphism o' of Xy is of(2) = o(x) 2.

The main case of interest is:
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Corollary 1.5 Suppose o = 0. After replacing 0 with a G-conjugate, we
have o'(x) = §(x), and 0,6 commute.

Proof. After replacing 6 with a G-conjugate we may assume &, € Hé. Then
o(B) =0(B) = B, also 2p = 1, so o'(x) = o(z) = 0(z). But § = int(&) and
d differ by an element of H, so 6(x) = 6(x) (since X has conjugation by H
built in). O

Proof of the Proposition.
We recall a few details of the bijection Xy <+ K\G/B |1, Sections 8 and

9].
Let P7 = {(z,B') | z € Xy, B' € B}/G. There are bijections:
Xy <— P’ «— K\B

(v9, B') +— K - B’

Since H is a fundamental Cartan subgroup with respect to 6, and all such
Cartan subgroups are K-conjugate, we can modify ¢ by k so that ¢ normal-
izes H.

Here is the computation.

Xyp>x— (2,B) e P’
= (grog™", B) (v = gwog™")
= (20,9 By)
— g 'Bge K\B
— o(g ' Bg) by the action of o on K\B
=o(g " )vBv'o(g) where o(B) = vBv™*
— (20,0(g HvBvlo(g)) € pe
= (v'o(g)z0o (9~ )v, B)
— (vlo(g9)zoo(g v € Xo

:’10(() o,
v

-1

o(x)o(zp v (grog™' = )
(

(2 ") = 2)
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2 The group W? and the twisted Hecke alge-
bra H

We continue in the setting of Section 1, and we now assume o is an involution.
Let K = GY.

For simplicity let’s assume o(K - B) = K - B, so v = 1 (see Proposition
1.2). Then, after replacing o with an element of 0K, we may assume o
commutes with 6, and satisfies o(B, H) = (B, H). Although o may not have
finite order, 02 = int(h) for some h € H, so ¢ induces an involution, also
denoted o, of (W, S). Let S be the set of orbits of the action of o on S.

We are primarily interested in the case o = . In this case, after conjugat-
ing by G we may assume the induced automorphism of (W, S) is § (Corollary
1.5), and {0,6} = 1.

If k € S let W(k) be the subgroup of G generated by x. Write x = {s,}
or {sa, s}, with «, 8 simple. In each case there is a unique long element
w, € W (k). Define {(k) = l(w,).

l(k)=1 S, 0(Sa) = Sa
(21) W) =<S0kK) =2 S3xS o(sa) =sg (a,8Y) =0
l(k)=3 S; 0(80) = s, (o, 8Y) = —1

Lusztig and Vogan define a Hecke algebra H over Z[u,u '] (u is an inde-
terminate). See the end of [5, Section 3.1]. It has generators T, (w € W°)
and relations

TwTw = Tpw w,w € W7 L(ww') = l(w) + £(w')

(2.2) )y _
(T, + 1)(Ty, —u™™) =0 (k€S)

The quotient of the root system by o is itself a root system (nonreduced
if length 3 occurs), with simple roots parametrized by S, and W€ is the Weyl
group of this root system. In particular W¢ is generated by {w, | » € S},
and H is generated by {T,,. | x € S}. So in fact H has generators and
relations
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Ty.Tw =Ty k€S, Lwa)=1~w,)+Ll(w)

(23) (T, + 1)(T, —u" ™)) =0 (k€09)
This makes H a quasisplit Hecke algebra [5, §4.7].

Let D = Z[x] be the subset of Z having to do with x. That is Z[z| C
Xz] x XY (XY is the dual KGB space), where Z[z] ~ K \G/B, and D is
parametrized by the K¢-invariant local systems on K¢ \G/B. Then that o
acts on D, and let D7 be the fixed points.

Lusztig and Vogan define a H module M, with basis {a, | v € D?}. We
are going to write down formulas for the action of H on M.

3 Extended Cartans and Parameters

If v € D7 there is an isomorphism between the representations parametrized
by v and o(v). It is possible to normalize this isomorphism to have “square
17, i.e. in such a way that there are two choices, £c,,. This leads to ez-
tended parameters: for each v € D7 there are two extended parameters
corresponding to the two choices of a,. Write 7§ for an extended parameter
corresponding to 7.

Strictly speaking, the module M is spanned by vectors as as 7 runs over
extended parameters, and the Hecke algebra action is naturally defined in
these terms. If 3% are the two choices of extension, in the module M we have

a5- = —as+, and the dimension of M is |D?|.

Desideratum 3.1 For each parameter v € D7, it is possible to choose one
extended parameter, denoted 7, so that the formulas of [5] hold with 7, and

az, everywhere.

3.1 Extended Cartans

We probably don’t need this subsection and the next one. They are vestiges
of a version in which we worked in terms of extended parameters. But it
might be helpful to include a few basic facts.

In this section and the next we assume o = d. Probably this isn’t serious,
but in any event in the rest of the paper we only assume ¢ is an involution.
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We are interested in KGB elements x € & which are fixed by 6. A key
point is that if §(z) = z, and £ € p~(z) € X, then §(§) = h&h™! for some
h € H. We cannot assume we can choose ¢ so that §(§) = &.

Lemma 3.1.1 Suppose £ € X, and let x = p(§) € X. The following condi-
tions are equivalent.

(1) 0¢ normalizes °H, and (°H)% meets both components of *H;

(2) 6(z) = x.

Proof. Suppose (1) holds. The second part of (1) says that £(t0)67! = t§
for some t € H, i.e.

(3.1.2)(a) 0,(t)(£567) = t6.
The first part of (1) says £6671 = hé for some h € H, i.e.
(3.1.2)(b) 5(€) = h'¢
Plug in £667! = hd to (a): 0,(t)hd =td, so h™' =t710,(t). Then by (b):
(3.1.2)(c) 0(&) = h1E =710, (1) = t ¢t

Projecting to X' this says d(z) = .
Conversely, suppose d(z) = z. By definition this means 6(£) = h™'¢h for
some h € H. Note that

(3.1.3) 5(€) = h'h < £(h6)E™" = hé.

In other words the second condition of (1) holds. Also the first condition
holds: the right hand side gives 0,(h)E5E™1 = hd, i.e. £6671 € HO. O

From now on we will usually assume §(z) = .

Definition 3.1.4 Suppose £ € X. Let x = p(§) € X, and assume §(z) = x.
The extended Cartan defined by & is "He = (°H)%. It contains H% as a
subgroup of index 2, and meets both components of °H.

In other words
(3.1.5) YHe = (H% ho)
where £(hd)E7 = hd, equivalently h~1¢h = §(€).
This is related to [2, Definition 13.5]. Note that hd normalizes A™.

6
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3.2 Extended Parameters

We work only at a fixed regular infinitesimal character, so we fix A € b*,
dominant for AT,

By a character we mean a pair (z,A), where A is an (b, H%)-module.
We're ignoring the p-cover; this isn’t hard to fix. The differential of A (the
b part) is A € b*, so we usually identify A with a character of H%.

Definition 3.2.1 Given £ € X, an extended character is a pair (&, 1A)
where A is an (h,'He) module. Equivalence of extended characters is by
conjugation by H.

Recall given a parameter (x,y) as usual, compatible with A\ we obtain a
character (z,A), as above we think of A as a character of H%.

Definition 3.2.2 An extended parameter, at infinitesimal character X\, is a
quadruple (&, y, ho, z) satisfying the following conditions. Set x = p(§) € X,
and we assume 0(z) = x.

(1) (z,y) is a parameter at \, defining a character A of H%.

(2) N = A (ie. A is fized by d),

(3) hé is in the extended group (°H)%, i.e. hd commutes with &,

(4) z € C*, 2% = A(hd(h))
Equivalence of extended parameters is generated by conjugation by H, and
(3.2.3) (€, y,hd,2) ~ (£, y,thé, A(t)z) (t € H).

Remark 3.2.4 Condition (2) implies (but is not equivalent to): ¢*(y) = y.
So we may as well assume this holds as well as §(z) = x.

Proposition 3.2.5 There is a bijection between equivalence classes of ex-
tended characters and equivalence classes of extended parameters.

The bijection is

(3.2.6) (&,y,h0,2) < (€, 'A)

From left to right, take 'A|ge. to be the character defined by (z = p(§),v),
and 'A(hd) = z. Conversely, given 'A, choose y so that (z,y) corresponds

7
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to 1A|ge.. Choose any hd € (°H)%, and let 2 = 'A(hS). There are a few
straightforward checks that this works. One of the main points is that if we
choose h;6 € (°H)% (i = 1,2), then hy = hyt for t € H% which is taken
care of by the equivalence.

4 Cayley transforms and cross actions
{s:cayley}

Cayley transforms and cross actions can naturally be defined in terms of
extended parameters. (This was done in an earlier version of these notes.)
As discussed at the beginning of Section 3.2, implicit in [5] is the assertion
that, for each parameter ~, there is a choice of extended parameter, which
we'll label 47, so that the following formulas hold with 4 in place of ~
everywhere except in cases 2i12/2r21. For these see Section 5.

Some of these new “Cayley transforms” are iterated Cayley transforms,
but some involve a combination of cross actions and Cayley transforms.

4.1 Length 1

In length 1, these are essentially the usual definitions, except in the 1i2s
case, when the Cayley transform is not defined.

Suppose £(k) =1, s0 k = {54} and w,, = s,, where o(a) = a.

In the classical case « has type C+, C-, i, i2, ic, r, r2 or rn. We
write these 1C+, ..., 1rn to emphasize the length of k.

Suppose « is of type 112, so the Cayley transform is double valued: ~{", 75"
Then o(a) = « implies o preserves the set {7, ~5}. This yields two sub-
cases in the new setting: denote these 1i2f (“fixed”) or 1i2s (“switched”),
depending on whether ¢ acts trivially on this set, or interchanges the two
members.

Type 1r1 is similar; the double-valued Cayley transform is written {7}, ~2}.



type definition Cayley transform
1C+ a complex, fa > 0
1C- a complex, Ao < 0
1i1 « imaginary, noncompact, type 1 ="
i i t, © 2
{iof | @ imaginary, noncompact, type B
o fixes both terms of v
1198 a imaginary, noncompact, type 2
o switches the two terms of v
lic a compact imaginary
a real, parity, type 1
1rif (1 Tead, Parhy, b Yo = Ya = {7572}
o switches the two terms of v
ir1s a real, parity, type 1
o switches the two terms of 7,
1r2 a real, parity, type 2 Yo = Yo
ilrn « real, non-parity

4.2 Length 2

Suppose a € 5,0 = o(a) € S, and (a,5Y) = 0. Let k = {s4,55}, so
Wy, = SoSp € W7. It is easy to see that o, 5 have the same type with respect
to 6. Here are the twelve cases as listed in [5, Section 7.5].

In the length 2 and 3 cases we include the terminology from [5] in a
separate column.



type LV terminology definition Cayley transform
1
2C+ two-complex ascent @, § complex fa >0
o # 5
1
2C- two-complex ascent @, § complex fa <0
o #
2Ci~* two-semiimaginary ascent a, B complex, o = 3 V=80 XY =53 X7
2Cr* two-semireal descent a,  complex,fa = —f3 Vi = S XY = 8 X 7Y
0111 two-imaginary noncpt «,  noncpt imaginary, type 1 VE = (4% s
type I-I ascent (v*)? single valued
) two-imaginary noncpt a, f noncpt imaginary, type 1 . .k o
2i121 v ={1 51 = ()
type I-1I ascent (7*)? double valued
. two-imaginary noncpt a, f noncpt imaginary, type 1 . P 0 Blo
2122 v = {5t = {(y*F}
type II-II ascent (7*)? has 4 values
two-real a, (B real, parity, type 2
2r22 , Vo = (Ya)s
type II-II descent (7o) single valued
two-real a, (B real, parity, type 2
2r21 n e = {707} = (Ya)s
type II-I descent (7o) double valued
two-real a, B real, parity, type 2 o
ori1 Yo = {7072} = {(1a)s}
type I-I descent (7a) s has 4 values
2rn two-real nonparity ascent «, [ real, nonparity
2ic | two-imaginary compact descent a, f compact imaginary

s: defect=1 (see Definition 9.1.4).
T: See Section 5

4.3 Length 3

Suppose a € S, = o(a) € S, and (o, Y) # 0 (equivalently £1). In this
case Wy = S45854 = S3SaSg € W.
Again it is easy to see that a, 8 have the same type with respect to 6.

Here are the cases.

Length 3
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type LV terminology definition Cayley transform

3C+ three-complex ascent a, 8 complex fa > 0, o # 3

3C- three-complex descent a, B complex fa < 0, fa #£

3Ci* three-semiimaginary ascent a, f complex, o = 3 Ve = (84 X 7)? N (55 X 7)*
3Cr* three-semireal descent a, f complex, a = —f3 Yo = (Sa X 7)g N (S5 X V)a
3i* | three imaginary noncompact ascent | «, f noncpt imaginary, type 1 A =54 x P = sg X y*
3r* three-real descent a, B real, parity, type 2 Vi = Sa X Y8 = 58 X Ya
3rn three-real non-parity ascent a, (8 real, nonparity

3ic three-imaginary compact descent a, f noncompact imaginary

x: defect=1 (see Definition 9.1.4).

The type of k depends on a parameter v € D?. We say k is of a given

type with respect to 7.

{d:type}

Definition 4.3.1 If k € S and v € D7 write t.(r) for the type of r with

respect to .

For the notion of ascent/descent in these tables see Lemma 9.3.1.

Definition 4.3.2 The T-invariant of v € D7 s

7(v) = {k € S | k is a descent for v}.

{d:tau}

Here is a list of the 10 4+ 12 4+ 8 = 30 types:

Table 4.3.3
((k) | ascent (k & 7(7)) descent (k € 7(7))
1| 10+, 1il, 1i2f, 1i2s, 1rn 1C-, 1rlf, 1rls, 1r2, lic
20+, 2Ci, 2il1, 2i12, 222, 2rn | 2C-, 2Cr, 2rl1, 2r21, 2r22, 2ic
3 | 30+, 3Ci, 3i, 3m 3C-, 3Cr, 3r, 3ic

x: defect=1 (see Definition 9.1.4).

11
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5 Cases 2i12 and 2r21

Recall we need to address the issue, discussed at the beginning of Section 4,
of types 2i12/2r21.

Suppose v € D7, and k = {a, B} is of type 2112 with respect to 7.
Then s, X v = sg X 7 is also of type 2112. Label these two parameters
{71,72}. Then, on the level of non-extended parameters, (71)" = (72)" is
double-valued, label these two parameters A;, As.

Thus we are given two unordered pairs {7y1,v2} and {A;, Ao }; K is of type
2112 and 2r21 respectively.

We want to define the extensions inductively, starting on the fundamental
Cartan. Assume that we have already chosen an extension 7, of 7;.

The Cayley transform of 7, by « is a well defined pair of extended param-
eters (see the old version of these notes). Use this to define the + labelling
on the extended parameters for A;:

(5.1)(a) )" = 1. A8}

Now fix an extension 75 of 7. Then (35)" is either {\}, Ay} or {A\[,A\J }.
(This computation was done in the old notes, in SL(4,R)). After switching
A1, A9 if necessary, we can assume

(5.1)(b) )" = 1725}

Alternatively, define 95 by the requirement: (35)% = {A{, Ay } (then (55 )" =
{A1, A1),

Clearly the chosen extensions of A\i, Ay depend on the extensions of vy, s,
and also the fact that we’ve chosen an order of each pair (1, 7,) and (A, Ag).
For example, suppose we switch 71, 72, but keep the same extensions of these
two parameters. This would induce new definitions of A\{', \J: A{" wouldn’t
change, but what we labelled ] before would now be labelled A;. See the
table at the end of this section.

Conclusion: some additional information is needed to determine unique
preferred extensions for A, As.

What was here before was incorrect, and I don’t know how to fix it at the
moment. So I'm leaving this as a conjecture.

Conjecture 5.2 Assume k = {«a, f}, where o, 8 are orthogonal and inter-
changed by o. Suppose k is of type 2i12 or 2r21 for parameters v and

12
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v = Sq Xy =53 x 7. There is a canonical way to distinguish v,v', and so
write them as an ordered pair (71,72).

Assuming this, start with the ordered pair (1,72), and assume we have
chosen 7;". Then the Cayley transform (v;)® = (72)" is an ordered pair
(A1, A2). Define AT, Af by (a): (i) = {Af,\f}. Furthermore define 35 by
the requirement: (3;)* = {/):f, /):2_ } (exactly one of the two extensions of 7,
satisfy this).

Clearly the choice of these extensions depends on the fact that (vyq,72)
and (A1, Ag) are ordered pairs.

There might be an issue of consistency here: if we've already chosen 7y,
it may conflict with the one just made. (Similar issues possibly could arise
elsewhere.) Let’s ignore this issue for now, and hope it works. If so, we have
chosen a preferred extension of each parameter, and all formulas are in terms
of this extension. See the Desideratum 3.1.

5.1 A Table

It is possible that the ordering we’ve chosen in the previous section, while
natural, isn’t the right one. Hopefully this table will never be needed, but it
shows the affect of different choices.

Assume we’ve decided on an ordering of v, 7., and extensions of these
two parameters, labelled 4. This uniquely determines an ordering of Aj, As,
and extensions of these. This is the first row of the table.

The subsequent rows show the affect of the choices. For example, suppose
we keep the same order of v, v2, but choose the other extension of v,. Then
since A

N ALAS

B AL
with our new choices we have

A= ML

e AN
meaning the sign has changed on the first member of the target pair. So we
should change their order:

A= AL

T = A

13



This amounts to switching A;, Ay, giving the second row of the table.

at Lo [ [
"W 7 /):2 /):1
1% A AL
sl e
3t a5 %
AT s |
% A LA AT
% A I

5.2 The sign €(v, \)

The sign which arises in the 2112/2r21 cases appears frequently, so we need
some notation for it.

Definition 5.2.1 Suppose v,A\ € D7, k € S, and v = \.

If t,(k) #2r21 define e(v,\) = 1.

Assume t,(k) =2r21, so ty(k) =2i12. By Lemma 5.2, v and X are
members of ordered pairs (71,72) and (A, A2), respectively. Define:

1 i=j=2
(5.2.2) e(7i, Aj) =

1 otherwise

6 Formulas for the H action on M

Implicit in the following formulas is the fact that we have chosen an extension
of each parameter as discussed in Section 3.2. For each v € D7 we have
chosen an extension 7*; in the following formulas each a, is really as+.

6.1 Length 1

Suppose o(a) = a, and v € D?. Then Ty, () is given by the usual formulas,
taking the quotients in types 1i2s,1rls into account. The first column is
t,(k), the type of x with respect to .

14
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1C+:

1C-:

1i1:

1i2f:

1i2s:

lic:

1rif:

1rils:

1r2:

1rn:

6.2

2C+:

2C-:

2C1i:

2Cr:

2i11:

2i12:

2122:

2r22:

2r21:

2ri1l:

Ty, (Qy) = Ay, 5y

T, (ay) = (U — D)ay, + uay, «~
T, (y) = Ay, 5y + Qyr

T, (ay) = ay + (ay; + ay;)

§€
—~ —~ —~ —~ —~ /5 —~ —~ —~ —~
~—r ~— ~— ~— \_/\f_/ ~— ~—r ~— ~—
I
IS
=2

Ty, (ay) = ua,
Ton(@,) = (= 2y + (u— 1)(ay +as2)
Ty, (ay) = (u — 2)a,
T, (ay) = (u = 1)ay = Guy + (u = 1)ay,
Ty, (ay) = —ay

Length 2
T (Ay) = Qu,xy
Tu.(ay) = (U — 1)ay, 4+ Py, <y
T, (a,) = ua, + (u+ s
Two(ay) = (W —u—L)a, + (u* — u)a,,
T, (Ay) = Qo xy + Qoyr
T, (ay) = ay + ji: e(\, v)ax

ANy

T (ay) = ay + (ay; + ay)



2rn: T, (a,) = —a,

2ic: T, (a,) = u?a,

Remark 6.2.1 In the 212 case, if \ = =, recall A, occur in ordered pairs
(A1, A2) and (71,72) (Section 5). With e(A,~) given by Definition 5.2.1, the
stated formula in this case is shorthand for:

Twm (a%) = Gy, + (a>\1 + a>\2)

Twn (aw) = Oy, + (ah - a>\2>7

We could state the other formulas using e(7y, A) as well, for example if ¢, (k) =2r22.
But this doesn’t seem worth it.

6.3 Length 3

3C+: Ty, (ay) = wy X ay
3C-: Ty, (ay) = (U — 1)ay + u3(aw, xa,)
3Ci: Ty, (ay) = uay + (u+ 1)ayx
3Cr: Ty (ay) = (u* —u—1)a, + (u* — u)a,,
3i: Ty, (ay) = ua, + (u+ 1)ay-
3r: Ty (ay) = (u* —u—1)a, + (u* — u)a,
3rn: Ty, (a,) = —a,
3ic: Ty, (ay) = u’a,

Remark 6.3.1 In terms of extended parameters, the 2112/2r21 cases are
simpler. Suppose k is of type 2112 with respect to an ordinary parameter ~.

Suppose 7 is an extension of 7. On the level of extended parameters 7 has
a well defined Cayley transform (7)", which is an unordered pair of extended
parameters. Then:

Tuolaz) =as+ Y a5
Xed)~

If we write —4 for the opposite extension then (—7)" is the same set of
two elements, with the sign changed on one of them. There are no choices
involved here.
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We have the usual notion of the W-graph associated to this Hecke algebra
action.

Definition 6.3.2 Suppose k € S,y,A € D?, and k € 7(v). Then we say
v XNif s & 7(N), and ay appears in T, (a,).

7 Kazhdan-Lusztig-Vogan algorithm
s:klv
We use a hybrid notation combining Fokko’s notes Implementation of Kazhdan- ¢ '
Lusztig Algorithm, and [5].
Recall H is an algebra over Z[u,u™'], with generators parametrized by S.
Also M is a H-module, with Z[u,u™']-basis {a, | v € D7}.
Write D for the canonical involution of M. It satisfies

(7.1) D(um) = u~'D(m).

The order on D7 is defined in [5, 5.1], and length ¢(7) is inherited from
D.
{t:Cdelta}

Theorem 7.2 ([5], Theorem 5.2) There is a unique basis {Cs | 6 € D7}
of M satisfying the following conditions. There are polynomials P?(~,d) €
Z[u] such that

(73) Cy =3 P(r.6)a,,

and:
(1) D(C,) = u DO,
(2) P7(v,0) # 0 implies v < 4;
(3) P7(v,7) =1
(4) deg(P?(7,8)) < 5(€(8) — £(y) — 1).

Introduce a new variable v satisfying v? = u, and tensor everything with
Zlv,v', so H becomes an algebra over Z[v,v™!]. Define

(7.4)(a) a, =v " Wa,

17



and
(7.4)(b) Cs = v 0y

With this notation Theorem 7.2 can be written as

Theorem 7.5 There is a unique basis {a; | 0 € D7} of M satisfying the
following conditions. There are polynomials P°(v,8)(v) € Z[v™'] such that

(7.6) Cs =Y P7(7,0)(v)a,
and: '

(1) D(C,) = C;

(2) P7(7,0) # 0 implies v < 6

(3) Pr(v,7) = 1;

(4) if v # 6, then P°(v,0) € v 'Z[v™"]; and

(5) deg(P7(3,0))(v™") < U(y) — £(3)
It is easy to see that

(7.7) P7(3,6)(v) = o0~ P7 (5, 5) (0.
Fix v < ¢, and suppose

(7.8)(a) Po(v,0) =co+cru+ -+ cpu”

with

(7.8)(b) " — {@(5) - EW) —1)/2 () - i(fy) odd

(£(6) — £(v) —2)/2 £(5) — () even
Then
(7.9)
R vl SIS I () —L©)==2n+1)  p(§) — ¢ dd
Po(y,5) = Y T TGt or=tare
v v - O ((5) — ((3) even
or alternatively
R e e 024 £(y)—£(8)+1 (~) — £(6) odd
Po(y,g) = 4 U oo T et | )=o)
0 et + e 103 4 -« 4 cu OO+ () — () even

18
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8 Action of T;, +1

An important role is played by the operator T, + 1, which we renormalize.
For k € S define

(8.1) T, = v (T, +1)

Note that Fokko has both T, and ¢;. One can deduce they are related by
ty = v !T,. These correspond to our T, and p~we) T w, s respectively. Also
Fokko has an operator ¢, which can be seen to be t, + v™1 = v 1T} + 1),
which is our fn.

8.1 Formulas for 7,
Here are 30 formulas, for T % (@), depending on the type of xk with respect to
7.
Type 1: T, = v (T, + 1) = v }(T,, + 1)
These are copied from [3] Section 1.
ty(r) | Ti(ay)
1C+ | v iy + G, 0y

{s:formulasfortkar

1C- | Ay + o,y

131 | 07 Gy + Gupxy) + e

112f | 207 ay + (Gyr + Gog)

1i2s | 0

1rif | (v—v Na, + (1 — v 2) (A + dy2)

irls | (v—v1a,

12 | vay — v Ay, + (1 — 07 %)an,
lrn | 0

tic | (v+ov YHa,

Type 2: T, = v 2 (T, +1) = v (Thps, + 1)
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ty (k) T\n(dw)

—2A A
2C+ | U770y + Qo xy

2C- U0y + Qo 5y

2Ci | (v+ v YH[vtay + ays

2Cr | (v —=1)a, + (v —

2111 | 07 2(Ay + Qupxcy) + e

2i12 | 20724, + Y

. 72/\ A~ PN
2122 | 2v™*a, + Ayr + Ay

2r22 | V20, — v 2aynqy + (1 — v H)a,,

2r21 | (v —v?)a, + (1 —v?) Z e(y,7)ay

2r1l | (v* — v ?)ay + (1 — v ) (G + ay2)

2rn 0

2ic | (v*+v?)a,

Type 3: T, = v=3(T,_ +1)

— U_S(TSO,S@SQ + 1)

(k) | Tula,)

—3A A
3C+ | V7% + Oy xy

3/\ A~
3C- V2 Qry + Qo 3y

3¢i | (v+v Yo ia, +

(v+vha Ayr

3cr | (v —v?)va, + (V¥ —v Hvla
3i (v+v v 20, 4+ (V4 vy,
3r (02 — v Hva, + (V2 — v 2)v ay,
3rn |0

3ic | (v*+v?)a,

8.2 Summary

We write some of these formulas in a slightly different form in the following

table of all 7, KOy

20
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Table 8.2.1

ty(k) fnd'y ty(x) Tyay

1C+ G,y + 0 tay] 1C- V]ay + v g, <o)

1i1 [ayn + 071 (@ + Qup, xy)] 1rif (v —v Hay, + v~ (% + d2)]

1128 | [agg + 07 ) + [agg + 0710, 1r2 11[57 [&wn; N U_lj&:]%]

1i2s 0 iris (v —vHa,]

irn 0 lic (v + v YHa,]

2C+ (G, sy + 0 20] 2C- V2 [y + v 20, 1]

2Ci (v + v ]ayx +v71a,] 2Cr v(v—v Yay + v tay,]

2i11 [y + 07 2(y + Gupy xv)] 2rit (v —v7?)[ay + v (a1 + a2)]

2112 Z ey, Y)ay +v? Z e(y, m)a,) | 2ra1 (v? —v ™) [ay, +v2 Z e(y',7)ay
vy Sy ' Sp T - v_%gffv

2122 [ayr 4+ v 20y + [ayg 4+ v %4, 2r22 _UJQ (G + U_Qd%]%

2rn 0 2ic (02 +v7?)a,

3C+ (G, sy + 0 30] 3C- 03[y + V34, 0]

3Ci, 3i | (v 4+ v ) [ayx + v %0 3Cr, 3r | v(v? —v7?)[ay + v 2a,, ]

3rn 0 3ic (03 +v73)[a,] {tabl

We're going to simplify this table - see Table 9.1.3.

Remark 8.2.2 The identity in the 2i12 case is tricky, let’s write it out.
Suppose t,(k) =2112, and 7 is one member of the ordered pair (vi,72).
Simlarly 7* is an ordered pair (7], 73)-

The formula from Section 8.1 is:

(8.2.3)(a) 202, + €(h. 7)asy + €74 V)
whereas Table 8.2.1 gives:

6(’717 7)[(17{ + ’U_z(e(’yia 71)0’71 + 6(717 72)(172)]—1_
e(Ya, V)lay + v (e(75, 11)ay + €(9,92)as, )]
Using the definition of € this equals:

(8.2.3)(b) [avi‘+”v_2(a71'+'a72” *‘6(7£770[a7§‘+”v_2(GV1'_'GVQ)L
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Plugging v = =, or 7, in to (a) and (b) and comparing confirms the identity.

9 Image of T w

9.1 Tp(a,)

_ {1:kappadescents}
Lemma 9.1.1 Fizx k€ S.

(1) The image of T. is equal to the (v'") 4 v=¥)) eigenspace of T.. This
is also equal to the kernel of T,, — v'*%).

(2) Suppose k € T(N). For each N satisfying X = X, the sign e(\, ') = £1
(Definition 5.2.1) is the unique integer such that

(9.1.2) a5 = ay + 0" NN e(A Nay
NIASN

belongs to the image of T..

(8) The elements
{ax |7 € D% rer(7)}

form a basis of the image of T..

Part (1) follows from the quadratic relation (2.3). Statements (2) and
(3) follow from an examination of Table 8.2.1. In each entry of the table the
terms in square brackets are the as (not including the v4°f(®) term). This
amounts to the fact that we can rewrite Table 8.2.1 as in Table 9.1.3.

Recall €(6,0") = 1 except in cases 2112/2r21.

Table 8.2.1 now simplifies.

Table 9.1.3
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tv(“) n<d7> tw(’f) T\n(dw)

e+ |ak 1c- | var
1i1 as. 1rif (v—v)ak
132f | afx +af, 1r2 vaf —v=lay, o,
. _1 ~
1i2s 0 irls (v—v)al
. 71 A~
irn 0 lic (v+ov")ar
2C+ ag, 2C- vas
2Ci (v+ovhak. || 2Cr v(v —vt)ak
2i11 yr 2r22 var —vtak

)
2112 | Y e(vy)al || 2r21 | (v? —v7)as

vy
2122 | abe +aky 2rit | (v* —wv7?)al
2rn 0 2ic v?+ v ?)as
3C+ ar . 3C- v3al
3Ci, 3i | (v+v)ak. | 3Cr, 3r | v(v® —v?)ak
srn 0 8ic (v° + vig)&g {table:Tagammakapg

Those extra powers of v in cases 2CR,3Cr,3r are important. Suppose
k € 7(A). Then £(\) is the same for all A = X; typically (always in the
classical case) £(A) — £(N) = £(k). In general (X)) — £(N) < {(k).
{d:defect}
Definition 9.1.4 Suppose A = X. Define the r-defect of X and X' to be

(9.1.5) defy (k) = def, (\) = £(k) — £(\) + £(N).
(If {N | X 5 XN} =0 define def(k, \) = 0).
Checking the cases gives:

{1:casesofd}
Lemma 9.1.6

dof () = 1 t\(k) = 2Ci, 3Ci, 3i; 2Cr, 3Cr, 3T

0 else
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We can now write Table 9.1.3 more concisely. For x € 7(v) define:

1 t,(k)=1ic,2ic,3ic
() =90  t,(x) = 1C-,2C-,3C-

—1 otherwise

Lemma 9.1.7 Fiz k € S, v € D°, and set d = def, (k). Then

~ (w+o )" ey, y)as kg T(7)
(9.1.8) T.(a,) = eyt
Vvl 4 G (v It ar T ke T(y)

In the second case:

1 k) =1r2,2r en wy X v # v, and K € 7(w, X 7y) - there are two
1) if t, 1r2,2r22 th d th t
terms;

(2) if t,(k) =1C-,2C-,3C- then w, X v # v, but k & 7(w, X 7) - since
¢ = 0 there is only one term;

(3) in all other cases w, x v = 7 (there is one term with a coefficient of
,Ud(vf(n)fd + ,Uff(li)ﬁ’d).
9.2 T,(C)) in terms of af

We can now compute ﬁ(@) in the basis of af (and the unkown ﬁ"(% A)).
Write Cx = > P7(7, A)ay, T(Cx) = > <y P7(7, A)T5(a,). The con-

dition v < A is superfluous because of the ]3"(7,)\) term. Apply Lemma
9.1.7.

24
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=" P(1. M Tu(a,)
= > P(y, VT (a,) + > P(y, \T(a,)

VIréT(7) vIweT(7)
= 3 [P N ) ST oy )i+
7'”%7(7) 'y"'y’ﬁry
Z ,Udefw(m) [P(’)/, )\) (UZ(“)_defw(“)&’; + g{(,y)v—é( )+def (k) Afy,{x»y)]
vlk€eT(7Y)
= Z |:('U + 'Uil)defﬁ(fy/) Z P(% )\>€(f}/7 7)i| d:/‘i_
Y |keT(v') Ay sy
Z ,Udefw(n) [P(,Y’ )\),Uf(n)fdefw(n) ( )Cﬂ( ) —L0(k)+def (k )aw X’J
VIreT()

Interchange v, in the first sum to conclude:

~

T.C0 = Y [(+v )™ N Py, Nely, )] a5+

~|kET(7) VS
Z ,Udefw(n) [Uﬂ(n)—def,y(n)P<,y7 /\) + CH( ) —£(k )+def7(H)P(wﬁ X Y, )\)] :
ylReET(v)

. {1:coefficient}
Lemma 9.2.1 Fiz v with x € 7(7). The coefficient of af in T,(Cy) is
Udefy(n) [Ue(”)*defw(”)ﬁd(f% >\)+
Cn( ) —{4(K) +def7(H)PU(w,{ X 7, )\)]+
(0 05T P Nl )

v Iy

(9.2.2)

Here is the information needed to make this explicit. Assume k € 7(7).

If t,(k) =1r2,2r22,1C-,2C-,3C- then w, x v # 7. In all other cases
Wy X 7 = 1.

We need {7 | v = ~'}:

(1) t (k) =1C-,2C-,3C~: w, X 7;
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(2) ty(k) =1r2,2Cr,2r22,3Cr,3r: v, (single valued);

(3) t,(k) =1r1f,2r21,2r11: {7},72} (double valued);

(4) t,(k) =1rls,lic,2ic,3ic: none

The defect def, (k) is 1 if ¢, (k) =2Cr,3Cr,3r, and 0 otherwise.

1 ty(k) = 1ic,2ic,3ic

G(¥) =90  t,(r)=1C-,2C-,3C-
—1 otherwise
Table 9.2.3
coefficient of af in ﬁ(@)
t,(x) | first term on the RHS of (9.2.2) | second term on RHS of (9.2.2)
1C- '013"(7, A) ﬁa(wn X7, A)
1rif | (v — vil)ﬁ"(’y, A) ﬁa(%ﬁ; A) + 130(%% A)
iris | (v—v 1) P7(v,\)
1r2 Uﬁ"(% A) — v_lﬁ"(w,.i X 7, M) ﬁa(%, A)
tic | (v+v " H)P7(v,\)
20- | v2P7(7, ) P7 (we X 7, \)
2Ccr | v(v— vil)ﬁ"(% A) (v+ Uﬁl)ﬁa(%a A)
2r22 | v2P7 (v, A) — v 2P (w, x 7, A) | P7 (7., A)
2r21 | (v — U*Q)ﬁ"(% A) Z 5(%7/)ﬁ0<7/7/\)
V=
or1l | (v — v=2)P7 (7, \) Po(y, N + P7(72,))
2ic | (V¥ +0v"2)P7(y, )
3C- | v¥P7(7, ) P7(we X 7, \)
3Cr | v(v?— U*Q)ﬁ"(% A) (v+ Uﬁl)ﬁa(%a A))
3r v(v? — v_z)ﬁ”(’y, A) (v+ U_l)ﬁo(%a A)
3ic | (V¥ +0v3)P7(y,))
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Here is a condensed version of this table. Let k = {(k).

Table 9.2.4
coefficient of af in T\R(GA)

ty (k) first term on the RHS of (9.2.2) | second term on RHS of (9.2.2)

1C-,2C-,3C- | vk P (v, ) P7(w, X 7, \)

lic,2ic,3ic | (V% + v %) P7(y,\)

2Cr,3Cr,3r | v(vFt — v*kﬂ)ﬁ"(% A) (v + Ufl)ﬁg(%a A)

1r1f,2r11 | (v — o %) P7(y, A) Po (7}, ) + P7(42,0)

irls (v — vil)ﬁ"(% A)

12,2122 VFP7 (v, A) — v F P (w, X 7, A) | P7(y, A)

2r21 (v — v2)P7(, \) DRG0V CUPY

pdo e {tablle: akappagamms
9.3 fﬁ(éu) in terms of CA}
{1:tauinv}

Lemma 9.3.1 Suppose v € D7, k € S. Then k € 7(\) iff
TC)\—( H)—FU (H))GA.

This is the way “descent” is defined. In the geometric language of [5], the
condition means that the corresponding perverse sheaf is pulled back from
the partial flag variety of type x. Compare [4, Theorem 4.4(c)] and [6, Lemma
6.7].

Recall the image of T, has {af | v € D%,k € 7(7)} as a basis. We can
use {@ | v € D7,k € 7(7)} instead.
_ {1:basis}
Lemma 9.3.2 Fiz k€ S.

(1) Suppose € D7, and k € T(). Then

(9.3.3) Cu= Y Py, m)as;

YIKET(Y)

The coefficient polynomials are exactly the ones from Theorem 7.5. In
particular C is in the image ofT
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(2) The elements
{CulpeD’, ker(u)}

form a basis of the image of f,,b.

Proof. For (1), write

(9.3.4)(a) = > Plywa,+ Y, Py, pa,

YIkET(7) YIegT(7)

By Lemmas 9.3.1 and 9.1.1(3) we can also write @ = Z 7/5"(7, p)a’ for
N YIweT(7)

some R7 (v, ) € Z[v,v!]. Plugging in the definition of ., (Lemma 9.1.1(2))

gives

(9.3.4)(b) = > R w)lay + v N ey, 7))

Tlker(y) Sy

Since k ¢ 7(7') for each term in the last sum, comparing coefficients of a.
(k € 7(7)) in (a) and (b) gives R(v, 1) = P?(vy, ). This gives (1), and (2)
follows. [

Comparing the coefficients of a., with k & 7(v) gives the “easy” recurrence
relations for the P7(y, A). See Section 10.

Next we want to compute T,Cy in the basis C’ When £ € 7(A) this is
given in Lemma 9.3.1. We turn now to the case x ¢ T(N).

Lemma 9.3.5 (compare [4, Theorem 4.4(a,b)]) Suppose k & T(\). Then
(9.3.6) T.Ch= Y mu(y. NG,
YIrET(Y)

for some m(y,\) € Z[v,v™]. Each m,(v,\) is self-dual, and is of the form

Mis0(7: A) (k) =
M (75 A) = § Mo (9, A) 4+ Mt (7, A) (0 + v71) Ur) =
M o(V, A) + M1 (7, A) (0 + 071 + mea(y, ) (02 +0v72) U(k) =

for some integers m,, (7, A).
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Proof. The existence of m,(7, ) is (2) of Lemma 9.3.2. That the left side of
(9.3.6) is self-dual is [4, 4.8(e)], and since Cj is self-dual this implies m,.(7, 6)
is self-dual.

The highest order term of m, (7, \) is v**)=1. This follows by downward
induction on ¢(7). See [4, pg. 17 (Proof of Theorem 4.4)]. This gives the
remaining assertion. Il

Remark 9.3.7 It is easy to see m, (7, ) # 0 implies ¥ =3 \, or v < A, or
v 5 4" for some 7 < A. We make this more precise in Lemmas 9.4.1 and
9.4.5.

In the classical setting p(7, A) is defined to be the coefficient of the top
degree term in P(v,)), ie. ¢z¢M~0-1_ Furthermore if ¥ < A then
m(y,A) = p(v; A). R

With our normalization the top degree term in P?(~y, \) is v !, which is
zero unless £(\) — £(y) is odd. We need a generalization to take x of length
2,3 into account.

Definition 9.3.8 Fori = —1,—2,—3 let uZ(y,\) be the coefficient of v* in
Po(v,A).

So

Po(y,0) = i74(v, No ™ + 0%, (v, Vo2 + 7, (7, A)v™" (mod v™?).
It is clear that
(9.3.9) 22 (v, A) =0 unless £(y) — l(y) =k (mod 2).

We can now state the main result of this section.

Theorem 9.3.10 Suppose k & T(\). Then

T.Cn= Y m(v.))

VIKET(Y)

o

for coefficients my(y, \) given as follows.
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(1) If v 5 X then

(9.3.11) mn(y, A) = (0012 De(y, ) = {6(7’ A defi(w) =0
(v+v7Y) defy(k) =1

(recall e(\,) = %1, and is 1 unless t,(r) =2r21, cf. Definition 5.2.1).

(2) Assume 7IZ> A, and (k) = 1. Then
My (7, A) = 121 (7, A).-

(3) Assume v /> \, and £(x) = 2.

(a) If {(y) # £(A) (mod 2) then

Me(7,A) = 12, (7, M) (0 +v7).

(b) If £(y) = ¢(\) (mod 2) then

me(7, A) = 0%(1, ) = Y A74(7,0)A7 (8, ))
)

KET()
Y<I<A
ﬁil(’ya )‘H) Zf/\(/i) = 202 ﬁi1(7H7 >‘) t’Y(K> = 2CT
— +
0 else 0 else

(4) Assume 7IZ> A, and {(k) = 3.
(a) If £(y) = ¢(N\) (mod 2) then
mn(7> )‘) = [ﬁZZ(’Y» )‘) - Z ﬁil(’y’ 5)2231(57 )‘)} (U + U_l)
5

KET(F)
Y<LO<A
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(b) If £(y) #Z ¢(\) (mod 2) then

mﬁ(’% )‘> = /753(’}/, /\) <U2 —+ U72>
+ Z ﬁil(f% 5)//}11(5, (b)ﬁ‘il(qﬁ, )\>+

3,6
KET(8),kET(P)
Y<LO<P<A

= 3 (A% 6)A%a(6 ) + A (7, )R (8. )]

5
KET(J)
Y<I<A

12 (v, A%)  ta(k) = 3C% or 3i

0 else

N 074 (Ve A)  ty(k) =3Cr or 3r

0 else

I've written the proof in great length for the sake of finding errors. See
the Appendix.

Theorem 9.3.10 gives us a basic identity which we use repeatedly.

Suppose x € 7(A). By Theorem 9.3.10 and (7.6):

T.Cy = > ma(8,M)Cs

S|lkeT(H)

Z <(0,\) ZPU v, A
:Z Z P‘7 (77, 6)m,. (9, )\)]&AY

d|lkeT(6)

(9.3.12)

_ {p:basicidentity}
Proposition 9.3.13 Fiz k € S, v,A € D, with K € T(\). Then

(9.3.14) Z P (7, 8)m, (6, \) = multiplicity of ay in T.(Cy)
d|lkeT(6)

If k € T(7y) the same equality holds with a5 on the right hand side.
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9.4 Nonvanishing of m, (v, \)

It is important to know when m, (7, A) can be nonzero.

Lemma 9.4.1 Assume k € 7(v),k & 7(\), and my(y,A) # 0. Then one of
the following conditions holds:

(a) v = A
(b) v <A
(c) def (k) =1, v £ A, and i, (7, ) # 0.
(¢) defr(r) =1, v £ A, and 3%, (, %) # 0.

See Definition 9.1.4 for def,(x). Compare [6, Lemma 6.7], and [3, Section
3,11

Remark 9.4.2 In the classical case either v = X\, or m(vy,A) = (v, A) (the
top degree term of P(v,A)), which is nonzero only if v < A. So cases (c),
(¢) don’t occur. Since they allow m, (v, A) # 0 for some v £ A, these cause
some trouble.

Proof. Consulting the cases in the Theorem, if m, (v, A) # 0 then either:
(1) v 5 X (Case (1) of the Theorem)

(2) Some 117 (7y,0) # 0 with 6 < A. This implies v < A (7 # A since they
have opposite T-invariants).

(3) Ome of the terms in braces in Cases (3b) or (4b) is nonzero.

The cases 2Cr, 3Cr, 3r, 2Ci, 3Ci, 3i are exactly the ones in which the
defect is 1, and since 17 (v, A*) # 0 or 1%, (7., A) # 0 this gives the result.
O

Definition 9.4.3 Suppose k € 7(v),k & T(N). We say v ZA if one of
conditions (b,c,d ) of the Lemma hold:

(b) v <A
(c) def, (k) =1, v £ A, and 17 (s, A) # 0.
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(c) defr(k) =1, v £ A, and u,(y, \") # 0.
Thus (9.3.6) becomes

(9.4.4) T,.Cy = Z m,{(%/\)aw—k Z m,.g(%)\)a7
yIkeT(Y) yIkeT(7)
YA A/—'Z)\

We want to replace (b),(c),(c) with (weaker) conditions in terms of length.
Obviously (b) implies £(y) < ¢(X). Suppose £(y) > £(X), and (c) or (¢’) holds.
This is quite rare.

Consider Case (¢). We're assuming £(,) < ¢(A) < ¢(). It is hard to
satisfy this. Subtract £(,) from each term, and use £(v,) = £(v) — €(k) + 1,
to see

0 < €<)‘> - g(%@) < g(’i) —1le {172}

But 117, (7x, A) # 0 implies £(A) — £(,) is odd, so it equals 1, and
() = LA) +€(k) = 2, £(7e) = £(A) — L.

Case (/) is similar: t)(x) =2Cr,3Cr,3r, {(y) = {(\) + (k) — 2, and ((\") =
() + 1.
These are illustrated by the following pictures. An arrow with a label:

a— B indicates k = £(a) — £(5).

<

Y Y NI AF
L(k)—1—j
é(m)llﬁ\J\\ é(n)l\ﬁlg(ﬁ)l
Ve <=—"A A

<

The preceding argument shows that j = 1 in both cases.
This gives a nonvanishing criterion in terms of length.

Lemma 9.4.5 Assume x € 7(7),k & 7()\), and v Z A, Then one of the
following conditions holds:

(b) €(y) < €(X)
(c) () =LA + (k) —2, def (k) =1
(c) U(y) =L(N) + (k) — 2, def(k) =1
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Remark 9.4.6 Explicitly, Cases (c) and (c¢’) of the Lemma are:
(1) (k) =2, ty(r) =2Cr or t\(k) =2Ci, and £(y) = {(N);
(2) £(k) =3, ty(k) =3Cr,3r or t)(k) =3Ci, 31, and {(7y) = ¢(\) + 1.
@ Cases (a,b,c,c’) in Lemmas 9.4.1 and 9.4.5 don’t precisely line up.

There can be v in case (¢) or (¢/) of Lemma 9.4.1, so v £ A, but
((7y) < €(X), putting it in case (b) of Lemma 9.4.5.

10 Computing P7(v, i)
{s:recursion}
10.1 Easy recurrence relations

Recall (9.3.4)(a) and (b)

Cu= Y Py + Y, P(y,pi,

yIRET(7) YIRET(7)

{s:easy}

and

tQ)

= > Plyman+ Y [ OOy pwe(r, 7))y

ylkeT(Y) YVIEET(Y) |y Sy

Equate the coefficients of a, (k ¢ 7(7)), and use (9.1.5) to conclude the
“easy” relations:
{1:easyrecursion}

Lemma 10.1.1 Suppose k & 7(7v),k € 7(u). Then

(1012) PJ('Y,,UJ) — U—K(H)'i‘def’y(ff) Z G(VI’W)PJ(,YI’M)

vl Sy

We will compute P?(v, 1) (and m,.(v, 1)) by induction on length as fol-
lows. To compute P?(7, 1) we may assume we know:

~

P7(x, p) 3 O(p") < L(w)

(10.1.3) N
Py, ) i £(Y') > £(7).
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We know the right hand side of (10.1.2) by the inductive assumption. If
there is only one term on the right hand side P7(+y, i) is equal (up to a power

of v) to a polynomial we have already computed. Otherwise ﬁ”(’y, ) is the
sum of two terms.

Definition 10.1.4 Suppose v < p. Then (v, p) is:
o catremal if Kk € T(1) = K € T(7)

e primitive if k € T(u) = k € () or k € 7(7), {V | ¥ =} = 2.
I find the converses more natural:
Definition 10.1.5 Suppose v < . Then (v, p) is:
o non-extremal if there exists k € T(u), k & 7(7).
e non-primitive if there exists k € T(n), k € 7(7) and |[{7' | v = v} < 2.
Ezplicitly (vy, ) is:
o non-primitive if there exists k € T(p), k & 7(7y) and t,(k) #1i2f,2i12.

Thus extremal C primitive and non-primitive C non-extremal.

If (v, 1) is non-primitive, (10.1.2) writes P (v, ) = v*P(y/, ).

10.2 Direct Recursion Relations

Recall Proposition 9.3.13: {e:direct}
(10.2.1)(a) > P7(7,8)my(8, ) = multiplicity of @, in T,(Cy),
d|keT(d)

and if k € 7(7) the same equality holds with a5 on the right hand side.
By (9.4.4) the left hand side is:

(10.2.1)(b) o P 0me(G N+ > P7(y,6)ma(5,A)
S|keT(5) S|keT(9)
PO SZN

We introduce some notation for the final sum. See [6, after Lemma 6.7].
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{d:U}
Definition 10.2.2 For x & 7(\) define:

Uy, A) = > P7(7,8)me(5,\).
d|keT(6)
F2A
By (10.2.1)(a) and (b) we see:

{1:murecursioni}

Lemma 10.2.3 Fiz v, A\, with & &€ 7(\). Then

(10.2.4) Z P (7, 8)m, (6, \) = [coefficient of ay in T,.Ch] = Ue(7, N).
Sl65A

If k € T(y) we can replace the term in brackets with
coefficient of a7 in T.C\

We first dispense with a case which won’t be used until Section 11. In
the setting of the Lemma, if t\(k) =1i2s,1ic,2ic,3ic then, even though
k € T(A), there are no ¢ occuring in the sum on the left hand side.

{1:1hsempty}
Lemma 10.2.5 Assume ty(k) = 1i2s,1rn,2rn,3rn. FEquivalently k & T(\)

but there does not exist § satisfying 6 — X. Then
coefficient of G~ in T.Cy = (75(7, A)

We turn now to the main case, in which the left hand side of (10.2.4) is
nonempty. In this case this sum has 1 or 2 terms. We're mainly interested
when it has 1 term, in which case it gives a formula for P?(y, ). For this
reason it is convenient to change variables. This gives the main result.
{p:recursion}

Proposition 10.2.6 Suppose k € 7(7), k € T(1), and t,(k) #1rls, lic,
2ic, 3ic. Choose \ satisfying p — X. Then

(10.2.7) Z P (v, 1 )ym. (1!, N) = [coefficient of as in T.Cyl = Ue(7, N)

e

The sum on the left hand side is over {p,w, x u} if t,(k) =1r2, 2r22,
2r21, and just p otherwise.
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This is our main recursion relation. We analyse its effectiveness in the
next section.

Since we are assuming s € 7(7) we have replaced G, with aZ as in Lemma
10.2.3.

Note that the term m,(u, A) is computed by the first case of Theorem
9.3.10, i.e. u —» ), and either equals e(u, \) = £1 (see Definition 5.2.1) or
(v+ovt).

Consulting Theorem 9.3.10 we make the left side of the Proposition ex-
plicit.

Table 10.2.8
£ (k) LHS of (10.2.7)
1C-,1r1f,2C-,2r11,3C- | P7(v, p)
1r2,2r22 ﬁ"(%y) + 18"(7, Wy X 1)
2r21 > el )P (v, 1)
|
2Cr,3Cr,3r (v+v )P (v, )

In the 2r21 case, recall  comes in an ordered pair (j1, t12). Then g = A
says that A is one member of the ordered pair u,, = (A1, Ag).

We turn to the right hand side of (10.2.7). The first term is given by
Lemma 9.2.1. Let k = ¢(x). This is copied from Table 9.2.4, which is a
condensed version of Table 9.2.3.

{table:condensed?}
Table 10.2.9
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ty (k) first term on RHS of (10.2.7)

1C-,2C-,3C- | v P (v, \) + P?(w, x 7, \)

lic,2ic,3ic | (% +vF)P7(y, )

2Cr,3Cr,3r | v(v" — v Y POy, A) + (v + 0P (e, A)
O

1rif,2riil (08 — v )P (4, A) + P7 (7}, A) + P7 (72, \)
irls (v — vil)ﬁ"(% A)

1r2,2r22 vkﬁa(% A) — v"fIS"(wn X 7, A) + 13”(% A)
2r21 (W2 =0 2)P7(7,0)+ Y e(v,7)P7(,9)

VI

10.3 Analysis of the Recursion

Fix v, with & € 7(vy) and t,(x) =1C-, 1rif, 2C-, 2ri11, 3C-, 2Cr,
3Cr, 3r. Choose A with yz = X. Then Proposition 10.2.6 says

(10.3.1) P (7, j1) = coefficient of as in T.Cy — U.(7, ).

Recall (7,.;(7, A) is given in Definition 10.2.2. We analyse how this fits in our
recursive scheme.
Recall to compute P(7, 1) we may assume we know:

P (o, ) i (') < (1)
Po(y, ) i 0(7') > €(3).
To compute the first term right hand side of (10.3.1) we only need various

P?(x, ), which we know by induction since £(\) < £(x). See Table 10.2.9.
This leaves Uy (7, A).

(10.3.2)

Lemma 10.3.3 Fiz k. For all v, \ with k & T(\):

Uy, N = > P7(7,0)me(0, N+
SlkeT(8)
£(7)<U(8)<(N)

Yoo PR 0k N+
d|ts(k)=2Cr,3Cr,3r
L(8)=L(N\)+£(Kk)—2

Z Pg(77 5)//}11(67 )‘N)

5|keT(6)
0(8)=L(\)+£(r)—2

(10.3.4)(a)
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The final sum occurs only if t,(\) =2Ci,3Ci,31, i.e. defy(k) = 1. Further-
more the first sum can be further decomposed

(10.3.4)(b) Us(r: M) =maly, X+ Y P7(y,0)ma(6,))
d|lkeT ()
L(y)<L(8)<l(N)

with the first term included only if k € T(7).

Proof. Recall ﬁn('y, A) is defined by the sum over o Z X Of course

}3‘7(7,5) # 0 implies v < §. Therefore, by the definition of =z, (7,4(7, A)
is the sum over ¢ satisfying x € 7(4), and one of:

(1) y<o<A
(2) defs(k) =1,6 £ X\, 0, < A
(3) defy(k) =1, £ X\, 0 < A"

Every such term appears in (10.3.4). Conversely any nonzero term in (10.3.4)
appears in one of these cases. O

Proposition 10.3.5 (Direction Recursion) Suppose k € 7(7), k € T(p),
and t,(k) =1C-, 1rif, 2C-, 2r11, 3C-, 2Cr, 3Cr, 3r. By induction
we know all terms necessary to compute P (v, 1) unless t,(k) =2Cr,3Cr,3r
and U(p) — £(vy) is odd. In this case:

(v+ v )Py, 1) = AZ4 (3, 1) + ()
where all terms in (*) are known. This can be solved for P7(, ).

Remark 10.3.6 This computes ]3"(%#) (k € 7(y), 7(n)) unless:
(1) there is no A with z - A\: 1rls,1ic,2ic,3ic
(2) p = X for some A, but [{g/|p > N} = 2: 1r2,2r22,2r21.

See Section 12.
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Proof.
Since k € 7(7), and A is not of type 2Ci,3Ci,3i, Lemma 10.3.3 says:

Uy, \) =m(r, )+ > P7(y,0)m(6, M)+
d|keT ()
L(y)<£(d)<L(N)
Z ﬁg(’%é)ﬁil(dm/\)

d|ts(k)=2Cr,3Cr,3r
L(0)=L(N)+L(r)—2

(10.3.7)

In the first sum £(0) < £(\) < £(p). In the second £(§) = £(N)+l(Kk)—2 <
((N) +€(k) — def, (k) = €(p). So we know all terms P? (v, 8) occuring by the
inductive hypothesis.

We also need various my(d, \) with £(v) < £(0) < ¢(\). By Theorem
9.3.10 this requires some terms P (x, X') with £(X') < £()\), which we know by
induction. We also need some terms 117, (d,, A) (when t5(x) =2Cr,3Cr, 3r).
Since £(\) < ¢(u) we know all of these terms by the inductive hypothesis. We
also need to know terms of the form 17, (4, A*) (when ¢,(x) =2Ci,3Ci,31).
Since \* = p, this requires 18"(5, p) with £(6) > £(v), which we know.

This takes care of all terms except the lead term m, (7, A).

To compute m,(y, A) we again need various P (x, ') (£(X) < £(\)) and
171 (s, A), all of which we know. This leaves only 7 (v, \*) = u%, (v, 1),
when ty(k) =2Ci, 3Ci, 3i. Consulting the cases of Theorem 9.3.10, we
see this term appears if £(k) = £(v) — £(\) (mod 2), in which case a7 (v, i)
is the constant term of m(v, ). We conclude that the right hand side of
the formula in Proposition 10.2.6 is of the form 7, (v, ) + (*) where (%)
is known by induction. Also, the left hand side is (v + v=1)P7(v, ). This
implies P?(v,v) € v~'Z[v~2] (which also follows by checking lengths).

The remaining case is provided by the next Lemma. 0

{1:topterm}
Lemma 10.3.8 Suppose f(v) € v~ 'Z[v™?], and we know all terms of f(v)(v+
v™Y) except the constant term. Then we can compute f(v).

Proof. Write f(v) = ¢,v ™' + ¢, 103 + -+ + cov "+ and

(V+ v (V) = bppr + b 2 F v vt by
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and we know by, ...,b,. Starting at v™>""2 we see ¢y = by, (c1 + ¢p) =

by, (c2 + ¢1) = bg,.... This is easy to solve for ¢;: ¢ = by, c; = by — by, o =
bg—bl+b0,.... That is:

k

cr = ( kz (0 <k <n).

0

OJ

Remark 10.3.9 It might be easier to think about this if we multiply by
1?2 and replace v? with ¢. This gives

(14+q)(co+c1® + -+ +cuq”) =bo +big+ -+ bpprq™ ™!

If we know all terms on the right hand side except for b,,1, we can find all
C;.

11 New Recursion Relations

We return now to the setting of Lemma 10.2.3, and the case we skipped
earlier.

Lemma 11.1 Assume t)(k) = 1i2s,1rn,2rn,3rn. Equivalently k & T(\)
but there does not exist N satisfying N = X. Then for any ~:

(11.2) Z P (p, \) (maltiplicity of ., in 71(%)) = Ua(7,N)

This is an immediate consequence of Lemma 10.2.5, which says that under
this assumption coefficient of @, in T.C\ = U.(7, ).

The left hand side has at most 3 terms, which can be read off from the
tables in Section 8.1, or Table 8.2.1. One of the terms is a polynomial times
P?(v, ), and we wish to solve for P7(v, ).

If Kk & 7(7v) then the only possibilities for p are p = v, u = Wy X 7y, or
1 = ~. These are all well suited to using induction to computing P"(*y, A),
unless ¢, (k) =1i2s,1rn, 2rn,3rn, in which case the coefficient of Po(y, A) is
0.
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If Kk € 7(y) then g = vy, 0 = wy x yory = pu. If v 5 pthen v > p
and this is not well suited to our inductive hypothesis. So this case is only

effective if there is no such y, ie. t,(k) =1rls,lic,2ic,3ic.
Here are the resulting formulas.

Table 11.3
Formula (11.2): k & 7(7)
ty(K) LHS
1C+ v P (3, A) + P (w, X 7, A)
1i1 v P (v, A) + v PO (we Xy, A) + (1 — 1}‘2)1?j (7", \)
132 | 201 P7(7, ) + v (0 — o )P (5, \) + PU(95, M)
1i2s |0
1rn 0
2C+ v2P7 (7, \) 4+ P?(w,, x 7, )
2Ci v+ v PO (, A) 4 (0 — 0 ) PO (5, )
2i11 | v 2(P7(7,A) + P (w,e X 7, A)) + (1 — 04 P (v, \)
2112 | 2072P7 (7, ) + (1—v™%) Y e(Y, )P (7, \)
V' By
2122 | 2072P7 (7, \) + (1 — v~ ) (P7 (5, \) + P7 (75, \))
2rn 0
3C+ 03P (v, A) + P (w, x 7, \)
3Ci,31 | v 2(v 4+ v )P (v, A) + (02 — v 2)u 1P (4", A)
3rn 0
Table 11.4
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Formula (11.2): x € 7(v)

t(x) | LHS

irls | (v — U_l)ﬁa(% A)

tic | (v+v")P7(y,\)

2ic | (02 +v"2)P7(7,\)

3ic | (V¥ 4+ v73)P7(7,\)
Solve these for P° (v, A)

Lemma 11.5 Assume ty(k) =1i2s,1rn,2rn,3rn. Then:

{table:new}
Table 11.6

43



Formula for P? (v, \), t,(k) =1i2s,1rn,2rn, 3rn.

ty(k) Formula for P? (7, \)

k&€ T1(7)

10+ Do(7,\) = —vD? (w, x 7, \) + 00U, (7, \)

141 Po(7,\) + P (w, x 7, ) = —(v — 0~ P7 (%, \) + 0T, (7, \)
1i2f Po(y,\) = —2(v — v ) (Po(vE,A) + P (45, N\)) + 200,.(7, A)

1i2s none

1rn none

20+ Po(7,)) = —0* P (. x 7, A) + 0 Uu(7, )

2Ci (v 4 v 1) P° (1) = —v(v - v P (7%, A) + vU (7, N)

2i11 P (7, ) + P (we X 7, A) = — (12 — v 2)P7 (%, A) + 02U, (7, A)
2i12 2072P7(,0) = =30 —v72) D e, )P A) + 20207, \)

vy Sy

2122 | PP(1,)) = =10 = o )(P (4, N) + PT (15, \) + 20%Tn(7,0)

2

2rn none

3c+ Po(y,\) = =3P (w, X 7, A) + 03U, (7, 6)

3Ci,3i (U_%@; )ﬁ;(7’A)::._U<U2__U—Q)ﬁa<7K7A>_%1Qih(7,A>

3rn none

K €T(7)

1rls (v —v )P (7, \) = Ua(7,))
lic (v +v )P (1, \) = Ua(7,A)
2ic (V2 + 0P (1,\) = Uu(7, \)
3ic (0° + v P7 (1, 0) = Uu(1, \)

In every case we know all terms on the RHS by induction, with the
possible exception of U, (v, ). By Lemma 10.3.3, since ¢, (k) #2C1,3Ci,31,
(11.7)

U, M) = D PProme(B N+ > P7(7,0)R%, (6, A)
d|reT(0) d|ts(k)=2Cr,3Cr,3r
£(y)<0(8)<(N) £(8)=0(N)+£(r)—2

The second sum is problematic, so we give it a name.
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Definition 11.8 Suppose k € T(\). Define:

(11.9) Ulv, A Y. P71 0)% (0s, N)
d|ts (k)=2Cr,3Cr,3r
£(&)=L(N)+4(r)—2

This term doesn’t fit well in our recursion scheme, since £(§) > ¢(A). (In
the direct recursion section this wasn’t an issue, since we were computing
P (~, 1), and £(p) > £(5).) We're hoping this term is usually 0.

Definition 11.10 Fiz k € S, v, A € D°, with k & T(\).
We say condition A holds for (k,~,\) if

(A) k€ 7(8), defs(r) = 1, £(8) = £(N) + L(K) + 2 = P?(v,8)i% (6, ) = 0

This is automatic if {(k) = 1.
We say condition (1) holds for (k,~, \) if

(1) (/]\,1(7, A)=0

Obviously (A)= (), although (A) is easier to check. It often holds simply
because the set in (A) is empty.
So now we need to compute:

(1L11) T, X)) =me(n N+ D> P 6)ma(d,3) + Tl(v, M)

d|lkeT(6)
L(y)<L(8)<t(A)

with the first term present only if k € 7(7).

As in the discussion in Section 10.3 we know all of the terms in the first
sum. There is one crucial difference with the direct recursion of Proposition
10.3.5. In that lemma we were computing P? (v, i), and we needed P7(~, ),
where ;1 = X. This gave us a little extra room when applying the inductive
hypothesis that we know P7(x, u') with g/ < p.

We consider the terms appearing in the sum in (11.11).

If k € 7(y) we don’t know the term my (7, A).

By the inductive hypothesis we know all terms P? (v, §) occuring in (11.11).

Consider m,.(5,A). This requires various P?(x, ') with ¢(\) < £()), and
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ﬁ”((S’, A) with £(0") > £(5) > £(v), all of which we know. The only potential
problems are the terms

~

Po(v,0)u7 (04, A) if def, (k) =1

which occur in the formulas for m,.(5, A) (the opposite case P7(8, A*) does not
occur since ty(k) #2Ci,3Ci,31). If £(d,) > () we know this by induction.
This leaves:

~

P, 007, (60 0) £(5.) < €(3) < £(6),def (k) = L.

This might be an issue. (In the Direct Recursion this was taken care of by
the fact that A < p). As in the discussion after Definition 9.4.3 this term is
nonzero only if:

(0) = tly) + (k) =2, L) = £(5) =1

Definition 11.12 Fiz x € S,v,\ € D%, with k € 7(\). We say condition
(B) holds for (k,v,\) if

(B) k€ 7(8), defs(r) = 1, £(6) = €(v) + £(k) + 2 = P’ (y,8)7i%, (8, A) = 0

This is automatic if £(k) = 1.

Here is the conclusion.
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Proposition 11.13 Fiz x € S,v,\ € D?, satisfying:

(L)tWUQ::1C+, 1i2f, 2C+, 2Ci, 2i12,2i22, 3C+, 3Ci, 3i, 1rls, 1lic,
2ic, 3ic.

(2) ty(k) =1i2s,1rn,2rn,3rn

Assume conditions (A) and (B) hold. Then the formulas of Table 11.6 give an
effective recursion relation for ﬁ"(% ). It is sufficient to assume Conditions
(t) and (B).

If t (k) =1i1,2i11 the same result holds, except that we get a formuls
for P7(v,\) + P (w, x 7, ).

Remark 11.14

(1) We allow \ if x € 7(A) but there is no A with \ % X (see Lemma
11.1): 1i2s,1rn,2rn,3rn. This gives the A of the Proposition.

(2) If k € 7(y) we exclude = if the formula has two terms on the LHS: 1i1,
2i11

(3) If & & 7() we exclude v if there is no 7" with v = ~+: type 1i2s,
irn, 2rn, 3rn. Together (2) and (3) leave: 1C+, 1i2f, 2C+, 2Ci,
2i12,2i22, 3C+, 3Ci, 3i

(4) If k € 7(7) we include 7 if there is no v with v = +': 1rts,1ic,2ic,
3ic. (2-4) give the v of the Proposition.

If & & 7(7) the term m, (7, A) does not appear in (10.3.4), and the Lemma
is evident from the preceding discussion. If k € 7(7) we need a generalization
of Lemma 10.3.8. Here are the cases.

In the column my(y,\) a is an unknown constant. We have written
]3"(7, A) =v 7 f(v™?) or v72f(v?), depending on the parity of £(\) — £(v),
where f is a polynomial. In the last column g is a polynomial which is known,
and «, 3, are unkown constants. We want to solve for f.
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U(K) | L(N) —L(y) | m(y, M) equation

1 even 0 (vtv H2f(v™?) =vtg(v?)

1 |odd « (v Y tfw?) =atv?gv?)

2 even « (v —v 2 f(v?) =at+v?g(v?)

2 odd alv+ov ) | (V¥ —v Do f(v?2)=av+ fot + o 3g(v?)

3 even afv+ov ) | (V¥ —vw2f(v?) =av+ ot + v 3g(v?)

3 | odd « (0° —v o f ) = v’ ta+u? +ulg(vT?)

, {1:topterm2}
Lemma 11.15 In each case in the table we can solve for f.

After multiplying by the appropriate power of v, these all come down to:

Lemma 11.16 Suppose (1+¢%)f(q) = g(q) where g(q) is a polyomial. If we
know all but the top k coefficients of g, then we can solve for f.

12 Guide

{s:guide}
In the following tables, we’ve indicated which formulas to use in various cases.

(1) *: not primitive, easy recursion

(2) NE: not extremal (but primitive): easy recursion, but has a sum on the
right hand side

3) *0: not primitive, necessarily 0
5) DR+: new type of direct recursion (Proposition 11.13, ¢(k) = 1)

(3)
(4) DR: direct recursion (Proposition 10.3.5)
(5)
(6)

DR+7: new type of direct recursion, but the recursion may not work.
See Proposition 11.13, ¢(k) = 2, 3; we need conditions (A) and (B).

In (2), {non-primitive} C{non-extremal}; the pairs marked NE are in the
second set, but not the first (they are not non-primitive).
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Type 1

1C- | 1rif | 1rls | 1r2 | 1ic || 1C+ | 1i1 | 1i2f | 1i2s | 1rn
1C- DR DR
1rif | DR DR
irls | DR DR DR+ | DR+
1r2 DR DR
lic DR DR DR+ | DR+
1C+ * * * * * DR+ | DR+
1i1 * * * * *
1i2f | NE NE NE NE NE DR+ | DR+
1i2s | *0 *0 *0 *0 *0
irn *0 *0 *0 *0 *0

Type 2

2C- | 2Cr | 2r22 | 2r21 | 2r11 | 2ic || 2C+ | 2Cif | 1i11 | 1i12 | 2i22 | 2rn
2C- DR | DR DR
2Cr DR | DR DR
2r22 | DR | DR DR
2r21 | DR | DR DR
2r11 | DR | DR DR
2ic DR | DR DR DR+7
2C+ * * * * * * DR+7
2Ci *0 *0 *0 *0 *0 *0 DR+7?
2i11 * * * * * *
2i12 | NE NE NE NE NE NE DR+7
2i22 * * * * * * DR+7?
2rn *0 *0 *0 *0 *0 *0
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Type 3

3C- | 3Cr | 3r | 3ic || 3C+ | 3Ci | 31 | 3rn

3C-| DR | DR | DR

3Cr | DR DR | DR

3r DR DR | DR

3ic | DR | DR | DR DR+7?
3C+ * * * * DR+7
3Ci | * * * * DR+7

3i * * * * DR+7

3rn | *0 *0 *0 *0
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13 Appendix: Proof of Theorem 9.3.10

Throughout this section we assume k € 7(7), k & 7(A). Recall we are trying
to find my (7, \) such that:

T\H(/L\’A: Z m,ﬁ(’y,)\)aﬁy
ylkeT(7)

The main tool is the identity (9.3.14) (for x & 7(\)):

(13.1) Z ID\“(% p)my (g, A) = multiplicity of a, in ﬁ(@)

ulRET (1)

The right hand side is given by Table 10.2.9, which we reproduce here.

{table:condensed3}
Table 13.2

ty(k) RHS of (13.1)
1C-,2C-,3C- | v*P7(v,A) + P?(w, x 7, \)
lic,2ic,3ic | (V% +v~%)P7(y, \)
2Cr,3Cr,3r | v(vF ! — v‘k“)ﬁ”(% A)+ (v+v- )ﬁ (Y, M)
1r1f,2r11 | (08 — 0 F)P7(, A) + P7 (7L, A) + P7 (72, \)

1ris (v—v"1)P7(v, )
112, 2122 VP (7, \) — 0 F P (w,, X 7, A) 4+ P (7, )
or21 (W2 = v )P (7, )+ Y (v, )P7 (YN

edoaad

We are going to look at the top degree terms of both sides.
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Write any element of Z[v,v™!] as f = f* + f~ where fT € Z[v] and
[~ e v 'Z[v™1]. We make frequent use of:

Lemma 13.3 If v = pu then
[ﬁa(,_)/’ :u)mﬁ(:u7 )‘)]+ = mli,o(:uv )‘> + mﬁ,l(uv )\)U + mm,Z(,ua )‘)U2
If v < u then

P (o, i) (e, )T =[07 (7, 1)1 2 (1, N) + A7 (7 1)1 (1, )]+
17 (s ) 2 (g, A)v

Lemma 13.4 If (k) = 1 then

1 v 5
(135) mn(77 )‘) = m5’0<’}/, )\) = ﬁil(77 /\) 7 < )‘
0 else

Proof. Since ((k) =1, m,(u, A) = my0(p, A) for all u, and on the left hand
side of (13.1) the maximal degree is 0. In each term on the right hand side,
(WP (v, \)]" = 17,(v,A) and [v~'P?(y,\)]" = 0. On the other hand a term

P (p,we x ), P7(11,7,) or P7(u,~) contributes 1 if and only if the two

arguments are equal. So, [ |t of both sides gives (the last column is ¢, (x)):
f
B v 10—
Oyr+ 0,20 1rif
(13.6) mi(7,A) = 1211, A) + 90 irls
Om A 1r2
0 lic

\

Each Kronecker 6 after the brace is non-zero precisely when v = X, in which
case v > A, so 1% (v,A) = 0. O

This proves Cases (1) (¢(k) = 1) and (2) of Theorem 9.3.10. Note that
m(y,\) = 0 unless v > X or v < \.
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13.1 {(k) =2

Take the + part of both sides of (13.1). The left hand side is

(1311)(&) [mfi,()(/yﬂ >‘) + Z lail(’yv lu)mfi,l(:uv A)} + mn,l(,% )\)U
plreT (1)

The first and last terms are from p = «, and the second sum is from all other
terms p # 7. (Note that the summand is 0 if g = ~.)
The right hand side is

;

Oy v\ 2C—
1y (Vs A) 4 0y av 2Cr

5y 2r22
(13.1.1)(b)  AZy(7, A) + A2, (v, Ao + S €. v)oya 2r21

Iy
(S%L)\—F(S%%’)\ 2ri1l
0 2ic

\

(

nei(v,A) ty(k) # 2Cr
1%,(7,\) ty (k) =2C d )\
(13.1.1)(c) M1 (7, ) = ni (v, A) (k) r, and 7 <
1 ty(k) =2Cr, and vy 5
(0 ty(k) = 2Cr, otherwise

We can rewrite this

) t = 2C
(13.1.1)(d) (1 A) = 74 (7, A) 4 S ) =2
0 otherwise

In particular m, (7, A) = 0 unless v < A or v = \.
Now (d) holds for all v with x € 7(y), so we can apply it to all v occuring
the sum in (13.1).
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So plug this back in to (a), keep only the constant term, and set this
equal to the constant term of (b)

(13.1.1)(e)
Mio(1,A) + D ﬁ"l(%u)[ﬁ”l(u,AH Ouer tu(k) =20r | _

plreT (1) 0 else

r
O x v\ 2C—
171 (Vs A) 2Cr
5o 2r22—

a1 A) + Z €(v,7)0yn 2r21

Iy
Ooin+ 0,2 ori1

0 2ic

Note that each Kronecker ¢ after the brace is 1 iff v = X. Also we can
put €(v, A) in front of each such term without changing anything (these are
1 unless t, (k) =2r21). Therefore

Mieo(7, A) = 175(7, A)
=Y A% (v, A (1, N)
I

Oues  tu(k) =2Cr
(1312) Zuwu ot

0 else
A%, (s A) () = 2
T el ) 7= Aty (k) # 2Cr
0 otherwise
Then
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(13.1.3)

is equal to

(13.1.4)

Lemma 13.1.5

(13.1.6)(a)

and

(13.1.6)(b)

> A7 (y ) One tuls) = 20r
1 0 else

1% (v, \%)  ta(k) = 2Ci

0 else

Assume k € T(7y),k € T(N), €(k) = 2. Then

Mio(1,A) = 0% A) = D BTy i) (1, V)

plreT (1)
R ) =20
0 else

A7y (Vs A) -ty (k) = 2Cr
Tye(rN) 7= Aty (k) # 2Cr

0 else

o 0y, x  ty(K) =2Cr
M (7, X) = A7, (7, A) + 4 (%)
0 otherwise

Let’s look at some cases. First assume v - . In particular v > 6, so
the first two terms are 0. A little checking gives

(13.1.7)

(A7) (k) # 208
0 t,\(/'i) = 2Ci
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Putting this together with formula (13.1.1)(d) for m,,; we get:

N Lot =2C
(13.1.8) O S VI LA

e(y,\) else

Assume vy 7IZ> A. We see:

me(1,A) = 1000 A) = Y B (v AT (1, V)

plReT (1)
/7(11(% /\H) tA("f) = 2Ci 1 /7(11(%, )‘) tv(“) = 2Cr
0 else 0 else

+ ﬁil(’% /\) (U + U_l)

If ¢(N) # £(y) (mod 2) all terms but the last are 0, so

(13.1.9) |7 A A\ E) £ 60 (mod 2) = ma(y, A) = A7, (7, \)(v + v

On the other hand /() = ¢(\) (mod 2) implies the last term is 0, and
(13.1.10)

me(7,N) = 071 A) = Y A7 (v A (1 )
plrET (1)
AT ) () =261 [T, N) () = 20r
0 else 0 else

I believe this agrees with [4, Theorem 4.4].
Note that all terms of m(v, §) are 0 unless v — § or v < §, except possibly
the last two.

13.2 ((xk) =3

We continue to assume & € 7(7),xk € 7(A). In particular v # A.

56



Take the + part of both sides of (13.1). The left hand side is: {e:3main}
(13.2.1)(a)

o1, )+ > BT (e (A + Y A7 ) (s V)]

plEET (1) plEET (1)

Hmen () D BT (s )M (i Mo+ M (7, A

plreT (1)

The right hand side is
(13.2.1)(b)

(

51UK,><77)\ SC_

N N N 1% (Ve, A) + 0~ yv  3Cr
7 AV HRT (3 Mo 7 (3, W 4 1m0 e
124 (Vs A) + 0y a0 3T

L0 3ic
Comparing the coefficient of v? gives
(13.2.1)(c) Mya(7, A) = 17,7, A)
Plugging this in to (13.2.1), the coefficient of v gives
(13.2.1)(d)
§
0 3C—
~c ~c ~c o 1A 3Cr
Mea (1, A+ D B (AT (1, A) = B A) +
plreT (1) Oy.n 3T
L0 Jic
ie.
(13.2.1)(e)

- . . 0t (k) =3C—,3ic
M1 (1, A) = 071, 0) = Y A% % (s, A) + !
plkET (1) 5%”)\ t,y(li) = 3Cr, 3r

Turn the crank one more time, plugging this in, to compute the constant
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term:

(13.2.1)(f)
Meo(1A) == > A M X) = > A7y, t)me 2 (i A+
pleeT(p) pleeT(p)
(
Oy v\ 3C—
o //’Zi ’}/IW )\ 3cr
:uffi(’ya )‘> + N 1( )
,uil(’ym )‘> 3r
L0 3ic
Plug in (c¢) and (e):
(13.2.1)(g)
TTL,{’(](’Y, )‘> =
- Z 17y (s 1) [ﬁ"a(u,k) - Z 17 (s @)1 (0, A)
ulreT (1) BlreT ()

0 t =3C—, 3i
N A(K) , 1c]

5)\:<,>\ t)\(li) = 3Cr,3r

Ow,e v, t,(k) = 3C—
~c ~c ~0 ﬁi ’)/m)\ t-(k) = 3Cr
_|: Z ,Ulfz(’%/‘)lu*l('u’ )\):| —|—,u73(r)/7)\) + A 1( ) 'y( )
ulreT (1) ,uil(’)/m )\) t,y([{/) _ a3
\O tfy(li) = 31c

Note that if t,(k) = 3C—, Suy.xyn = 1 if ¥ = X, and 0 otherwise. Also,
evaluating

o 0 ta(k) = 3C—,3ic
(132.1)(h) S 2 p) # (+)

" Or.n ta(k) =3Cr,3r
as in the length 2 case gives

(13.2.1)(i) 12 (v, A%)  ta(k) =3Ci or 3i

0 else
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Inserting this information, moving a few terms around, and taking A < \ in
all sums as in the previous cases, gives

M0 (7, )\) - /ji3<77 )‘)
+ Z ﬁil(’% M)ﬁil(:u7 ¢)ﬁi1<¢7 /\)+

BlRET (1)
¢|reT(9)

= Y (AT A%, N) + (s AT (11, V)]

plreT (1)

(13.2.1)(j) A7, (7, A7) ta(k) = 3Ci or 3i

0 else

(0 2

Summarizing the length 3 case:

{1:1ength3}
Lemma 13.2.2 Assume k € 7(7),k & T(N), €(k) = 3. Then mya, My 1, My 0
are given by 13.2.1(c),(e), and (j), respectively.
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Let’s look at some cases.
Suppose v — X. All [i7, terms are 0, and

1 t. (k) = 3C—
(13.2.3) v AS me(1,A) = (v+vY) (k) = 3Cr, 3r
0 ty(k) = 3ic

Now assume v 4 A, and ¢(A\) = ((y) (mod 2). Then mya(y,\) =
My.0(7,A) = 0. The formula for m, ; doesn’t simplify, except that last term

is 0 since v 4 A, so

(13.2.4)  me(1,A) = [8%0nN) = Y A% w7 (1, N)] (v + 07

plreT(p)

Finally assume ~y 7’Z> A, and £(\) # £(y) (mod 2). Then my1(7y,A) = 0,
and m, o simplifies a little, to give:
me(7,A) = A%(7, N (v* +07%)
+ Z 12y (7, Bz (1, @)1 (0, A)+

plreT (1)
PlkeT(9)

— Z (17 (9, A o (11, X) + 17 o (7, )7y (12, A) ]

plreT (1)

(13.2.5)
w7 (v, ) ta(k) =3Ci or 31
0 else
471 (Ves A)  ty(k) =3Cr or 3r
0 else

As in the length 2 case, all terms are zero unless v — \ or 7 < A, except
possibly the last two.
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