
1. Signatures and Cohomological induction

Setting: G real red. Lie gp � K maximal cpt  θ Cartan involution| |
g0 k0

g � g0 b C, k � k0 b C etc.
Problem: Find all irred. Harish-Chandra modules admitting positive-definite invariant Hermitian forms.
Q: Classify admissible pg,Kq modules � Harish-Chandra modules
Zuckerman, 1978: algebraic construction for admissible pg,Kq modules known as cohomological induc-

tion:
- g � q � l` u θ-stable parabolic subalgebra
- L � NGpqq Levi subgroup

Cohomological induction is a two-step process:

jth cohomological induction functorLjÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑCpl, LXKq Cpg,Kq
Cpg, LXKq1©ÝÝÝÝÑ

Induction

2©ÝÝÝÝÝÝÝÝÝÝÝÑ
j
th

Bernstein functor

Vloomoon ÞÝÑ Upgq bUpqq Vlooooooomooooooon ÞÝÑ ΠjpUpgq bUpqq V q
uü triv. generalized

 Cpq, LXKq Verma module

Fact: If V has an invariant Hermitian form, then so does LsV where s � dim uX k.

Want: Relate signatures of forms on V , LsV .

Theorem 1.1. (Vogan, Unitarizability of certain series of representations, Annals of Math., 1984: The-
orem 1.3)
If V P Cpl,Kq is unitary of infinitesimal character λ � ρpuq and Re 〈λ, α_〉 ¤ 1 for every α P ∆pu, hq, then
LsV is unitary also.

Wallach, On the unitarizability of derived functor modules, Inventiones Math., 1984:
Same result, less technical proof. Approach:

sig of V  sig of intermediate module (the GVM)  sig for LsV

Extensions of Wallach’s first computation:
Y, 2004: sig for irreducible Verma modules (any inf’l char a.e.)
Y, 2006: irreducible highest weight modules (any regular inf’l char)

Setup:
- b � h` n θ-stable Borel
- λ P h�  Mpλq � Upgq bUpbq Cλ�ρ (inf’l char λ)
- to have invariant Hermitian form on Mpλq need: h maximally compact, θ∆� � ∆�, and λ imaginary

(recall b θ-stable)
- Invariant form on Mpλq unique up to real scalar. Canonical form (i.e. 〈vλ�ρ, vλ�ρ〉λ � 1) called the

Shapovalov form.
- Invariance  〈�, �〉λ pairs λ� µ� ρ, λ� µ̄� ρ wt spaces

finite-dimensional  Can discuss signatures by restricting attention to Mpλqλ�µ�ρ if µ imaginary,
Mpλqλ�µ�ρ `Mpλqλ��µ̄�ρ if µ non-imaginary

Signature: encode in signature character:
On Mpλqλ�µ�ρ where µ imaginary: let signature of matrix representing 〈�, �〉λ w.r.t. some basis be pppµq, qpµqq.
Define signature character to be:

¸
µPΛ�r imaginary

pppµq � qpµqqeλ�µ�ρ

Why can we ignore non-imaginary µ?

Lemma 1.2. (Vogan, Unitarizability of certain series of representations, Annals of Math., 1984, Sub-
lemma 3.18)
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Let E be a finite dimensional vector space carrying a non-degenerate invariant Hermitian form 〈, 〉 of signa-
ture pp, qq. Let S be a totally isotropic subspace of E (that is, 〈�, �〉 |S is zero), and set

SK � te P E| 〈e, S〉 � 0u.
a) The radical of 〈�, �〉 |SK is S; so 〈�, �〉 induces a non-degenerate Hermitian form 〈�, �〉F on F � S{SK.
b) Write pp1, q1q for the signature of 〈�, �〉F and m for the dimension of S. Then

p � p1 �m, q � q1 �m.

If we apply this lemma to Mpλqλ�µ�ρ `Mpλqλ�µ̄�ρ when µ is non-imaginary, observing that

〈Mpλqλ�µ�ρ,Mpλqλ�µ�ρ〉λ � 0 and
〈Mpλqλ�µ̄�ρ,Mpλqλ�µ̄�ρ〉λ � 0

we see that the number of positive and negative eigenvalues for a matrix representing 〈�, �〉λ on Mpλqλ�µ�ρ`
Mpλqλ�µ̄�ρ are equal, so “p� q � 0.”

2. Signature Character Formulas That We Know

Irreducible Verma Modules:

Theorem 2.1. (Y, The signature of the Shapovalov form on irreducible Verma modules, Representation
Theory, 2005: Theorems 4.6 and 6.12)
Let ∆�

i pg, hq be the set of imaginary roots in ∆�pg, hq. Subscripts or superscripts i will refer to objects
associated with ∆�

i pg, hq. We will assume that everything (simple roots, reducibility hyperplanes, etc.) in
this theorem is associated to the root system of imaginary roots. Choose the fundamental alcove Ai

0 of W i
a

and the fundamental chamber Ci
0 of Wi to contain �ρi. Let �̄ : W i

a Ñ Wi be the homomorphism arising from
the semidirect product structure W i

a � Wi 
 Λi. Given a P W i
a, let ra P Wi be such that aAi

0 P raCi
0. Let

aAi
0 � C0

r1Ñ C1
r2Ñ � � � r`Ñ C` � raAi

0 be a path from aAi
0 to raAi

0. Then for imaginary λ P aAi
0:

chsMpλq|a0 � λ|a0 and

chsMpλq|t0 � RaA0pλ|t0q
� ¸

S�ti1 ��� iku

�t1,...,`u

εpSq2|S| eri1ri2 ���rik
rik

rik�1 ���ri1λ|t0�ρ±
αP∆�pp,tqp1� e�αq±αP∆�pk,tqp1� e�αq

where εpSq � εpCi1�1, Ci1qεpri1Ci2�1, ri1Ci2q � � � εpri1 � � � rik�1Cik�1, ri1 � � � rik�1Cik
q, εpHq � 1, and the for-

mula for εpC,C 1q for alcoves C, C 1 may be found in Theorem 6.12.

Note: Wallach dealt with the case ` � 0 for generalized Verma modules. See Lemma 2.3 of On the
unitarizability of derived functor modules, Inventiones Math., 1984.

Irreducible Highest Weight Modules:

Theorem 2.2. (Y, Signatures of Invariant Hermitian Forms on Irreducible Highest Weight Modules, Duke
Math. J., to appear, Theorem 3.2.3)
Let λ be antidominant and regular. Let imaginary δ P h� be regular and let wpδq P Wλ be such that δ P wpδqC0.
Then for x P Wλ such that xλ is imaginary:

chsLpxλq � ¸
y1 ��� yj�x

ykλ’s imaginary

p�1qj�1

�
j¹

i�2

Pλ,wpδq
wλyi,wλyi�1

p1q��chsMpy1λ� δtqe�δt
�

for small t ¡ 0. The Pλ,w
a,b ’s are signed Kazhdan-Lusztig polynomials (defined later).
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3. Computing signatures for pg,Kq-modules from signatures for the pg, LXKq-module to
which the derived Bernstein functor is applied

Reference for this section:
Wallach, On the unitarizability of derived functor modules, Inventiones Math., 1984.

(K) Signature character of pg,Kq-module:

For every K-type γ : pppγq, qpγqq
# of copies of γ for # of copies of γ for

which form is pos def’n which form is neg def’n¸
γPK̂

pppγq � qpγqqeγ

Let V P Cpg, LXKq have an invariant Hermitian form  invariant Hermitian form on Π�pV q naturally.
In this pairing, Πs�jpV q is paired with Πs�jpV q where s � dim uX k, from which we conclude

chsΠ�pV q � chsΠspV q
by Lemma 1.2. (Compare this with our previous application of this lemma to Mpλqλ�µ�ρ `Mpλqλ�µ�ρ.)

Let Fγ be a realization of γ and let Γ be the Zuckerman functor. Let V P Cpg, LXKq be irreducible. As
K-rep:

trivial K-actionhkkkkkkkkkikkkkkkkkkj
ΠspV q � ΓspV q � à

γPK̂

Homk,KpFγ ,ΓspV qq bFγlooooooooomooooooooon� Exts
k,LXKpFγ , V q

� à
γPK̂

Hspk, LXK; HomCpFγ , V qLXKq bFγlooooooooooooooooooomooooooooooooooooooon
sig of Herm form here
 ppγq � qpγq

Turns out that you can compute signature of form on Hsp. . .q by looking at signature on Csp. . .q from
chain complex:

In Cs : pZsqK � Bs and pBsqK � Zs

ñ sig Csp. . .q � sig Zs{Bs � sig Hsp. . .q by Lemma 1.2.

Computing signature of CspHomCpFγ , V qLXKq:
Cs pHomCpFγ , V qLXKq � HomLXK

�
s©pk{lX kq,HomCpFγ , V qLXK

�

� HomLXK

�
s©pk{lX kq, F�

γ b V

�

� �
s©pk{lX kq� b F�

γ b V

�lXk

We wish to identify the trivial representations in
�spk{lX kq�bF�

γ bV . Recall the Weyl character formula:
if ξ P plX kq̂ has highest weight µ, then

DlXk ch ξ � ¸
sPWlXk

espµ�ρlXkq
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where DlXk � eρlXk

¹
αP∆�plXk,tq

p1� e�αq is the Weyl denominator. Observe that by multiplying the character

of a representation by the Weyl denominator, we can identify the multiplicities of finite-dimensional repre-
sentations of regular infinitesimal character by reading off the coefficient corresponding to the highest weight
plus ρlXk in the product. Therefore

dim HomlXk

�
triv,

s©pk{lX kq� b F�
γ b V

� � coefficient of eρlXk in DlXk ch

�
s©pk{lX kq� b F�

γ b V

�
and similarly for signature characters. Therefore

chsΠsV � ¸
γPK

p̂ppγq � qpγqqeγ

where

ppγq � qpγq � sig Hsp. . .q � sig CspHomCpFγ , V qLXKq� sig
��spk{lX kq� b F�

γ b V
�lXk� coefficient of eρlXk in DlXk chs

��spk{lX kq� b F�
γ b V

�
� coefficient of eρlXk in DlXk chs

�spk{lX kq� chF�
γ chs V� coefficient of e0 in

¹
αP∆�plXk,tq

p1� e�αq ¹
αP∆puXk,tq

p�1qsp1� eαqp1� e�αq ch F�
γ chs V.

(See Lemma 1.1 of Wallach’s paper for the computation of chs

�spk{lX kq�.)
4. Reducible Verma modules and signed Kazhdan-Lusztig polynomials

Mpλq � Jpλq (=radical)  Mpλq{Jpλq �: Lpλq irreducible highest weight module
deg form 〈�, �〉λ on Mpλq  non-deg form 〈�, �〉λ on Lpλq Ð Compute this siglooooooooooooooooooooomooooooooooooooooooooon

sigs differ only by zero eigenvalues
Structure of Mpλq in terms of Lpλq’s:

For λ P h� antidominant integral, x, y P W :

Composition factor multiplicity: rMpxλq : Lpyλqs � Pw0x,w0yp1q.
Character formula: ch Mpxλq � ¸

yPW

Pw0x,w0yp1q chLpyλq
Inversion formula: chLpxλq � ¸

yPW

p�1q`pxq�`pyqPy,xp1q ch Mpyλq
If λ is not integral, replace W and its longest element w0 with the integral Weyl group Wλ and its longest
element wλ in the formulas.

Additional information encoded in Kazhdan-Lusztig polynomials: structure of jth level of
Jantzen filtration:

(4.1) rMpxλqj : Lpyλqs � coeff of q
`pxq�`pyq�j

2 in Pwλx,wλypqq
The Jantzen filtration:

- λt :� λ0 � δt where λ0 P Hα,n and δ P h� regular, imaginary
- det 〈�, �〉λt

� 0 for small t � 0 , det 〈�, �〉λ0
� 0

Jantzen filtration: M � Mpλ0q � M0 � M1 � � � � � MN � t0u
v P M j ðñ Dfv : p�ε, εq Ñ M with

- fvp0q � v and
- 〈fvptq, v1〉λt

vanishes at least to order j at t � 0

 non-degenerate invariant Hermitian form lim
tÑ0�

1
tj

〈�, �〉λt
on Mj :� M j{M j�1

ppj , qjq :� signature of this form on Mj then:
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Proposition 4.1. (Vogan, Unitarizability of certain series of representations, Annals of Math., 1984:
Proposition 3.3)

t ¡ 0: sig 〈�, �〉λt
� � Ņ

j�0

pj ,
Ņ

j�0

qj

�

t   0: sig 〈�, �〉λt
� � Ņ

jeven

pj � Ņ

jodd

qj ,
Ņ

jeven

qj � Ņ

jodd

pj

�

- Mpxλqj is semisimple: direct sum of Lpyλq’s with multiplicities given by (4.1)
- Proposition 4.1: chsMpxλ� δtq � sum of sig chars of Lpyλq’s
- need to keep track of this sum

Introduce signed Kazhdan-Lusztig polynomial Pλ,δ
wλx,wλy:

Each Lpyλq in Mpxλqj  +1
+1, -1, 0 to coeff of q

`pxq�`pyq�j
2 in

Pwλx,wλy

Pλ,δ
wλx,wλy�1: sig is that of Shapovalov form on Lpyλq�1: sig is “opposite” that of Shapovalov form on Lpyλq (Recall inv Herm form on h.w.m. ! up to R)

0: Lpyλq paired with Lp�yλq (which is possibly another copy of Lpyλq)
Proposition 4.1  chs 〈�, �〉j � ¸

yPWλ

coeff of q
`pxq�`pyq�j

2 in Pλ,δ
wλx,wλy � chsLpyλq

 chs 〈�, �〉xλ�δt e�δt � ¸
yPWλ

Pλ,δ
wλx,wλyp1qchsLpyλq for t ¡ 0

 chsLpxλq � ¸
y1 ��� yj�x

ykλ’s imaginary

p�1qj�1

�
j¹

i�2

Pλ,δ
wλyi,wλyi�1

p1q��chs 〈�, �〉y1λ�δt e�δt
	

Want: Algorithm for computing Pλ,δ
x,y .

The usual Kazhdan-Lusztig polynomials may be computed via Px,x � 1, Px,y � 0 when x ¡ y, and by
the recursive formulas:

a) Pwλx,wλy � Pwλxs,wλy if ys ¡ y and x, xs ¥ y, s simple.
a’) Pwλx,wλy � Pwλsx,wλy if sy ¡ y and x, sx ¥ y, s simple.
b) If y ¡ ys then

qcPwλxs,wλy � q1�cPwλx,wλy �
¸

zPWλ|zs¡z

µpwλz, wλyqq `pzq�`pyq�1
2 Pwλx,wλz

�Pwλx,wλys

where c � 1 if xs   x, c � 0 if xs ¡ x, and µpwλz, wλyq is the multiplicity of Lpyλq in Mpzλq1.
Theorem 4.2. (Y, “Signatures of invariant Hermitian forms on irreducible highest weight modules”, Duke
Math. J., to appear: Theorem 4.6.10) Letting s � sα be a simple reflection, the signed Kazhdan-Lusztig
polynomials are defined by the intial conditions Pλ,w

x,x � 1, Pλ,w
x,y � 0 for x ¡ y and the recursive formulas:

a) Pλ,w
wλx,wλy � sgnp�wρ, xαqεpHxα,�pλ,α_q, xsqPλ,w

wλxs,wλy if ys ¡ y and xs ¡ x ¥ y

a’) Pλ,w
wλx,wλy � sgnp�wρ, αqεpHα,psxλ,α_q, sxqPλ,w

wλsx,wλy if sy ¡ y and sx ¡ x ¥ y
b) If x, y P Wλ are such that x   xs and y ¡ ys and x ¡ y then:

� p�1qεppλ,α_qxαqPλ,w
wλxs,wλypqq � sgnpδ, xα_qqPλ,w

wλx,wλypqq� ¸
zPWλ|z zs

sgnpδ, zα_qazλ,w
y,1 q

`pzq�`pyq�1
2 Pλ,w

wλx,wλzpqq � sgnpδ, ysα_qPλ,w
wλx,wλyspqq.

The values of εpHα,n, wq are computed in “The signature of the Shapovalov Form on Irreducible Verma
Modules”, Representation Theory, 2004: Theorem 5.3.4 and Theorem 6.12.
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5. Some Examples

Notation:

- Apλ, wq where λ P h� and w P Wλ is the alcove containing λ� δt for δ P wC0 and small t ¡ 0

- δα � " 1 if α is compact�1 if α is non-compact
- For an alcove A and λ P h�, RApλq � chsMpλq if λ P A is imaginary

Example 1: g0 � sup2q. We have h � t. Let ∆�pg, hq � tα1u and let λ1 be the corresponding fundamental
weight.

Irreducible Verma modules: Choose λ P h� so that pλ, α_1 q P pn, n � 1q where n P Z¥0. Then λ P
Apnλ1, w0q. The reducibility hyperplanes separating the alcove aA0 containing λ and raA0 are Hα1,1, Hα1,2,
. . ., Hα1,n. In the setup of Theorem 2.1 we choose the path so that r1 � sα1,n, r2 � sα1,n�1, . . ., rn � sα1,1.
Suppose S � t1, 2, . . . , nu and |S| ¥ 2. Then ri1Ci2�1 and ri1Ci2 lie in the Wallach region, and thus
εpri1Ci2�1, ri1Ci2q � 0. Therefore εpSq � 0 for |S| ¥ 2. For our choice of path, note that Ci � pn�i, n�i�1q,
whence εptiuq � εpCi�1, Ciq � εpHα1,n�i�1, s1q � δn�i�1

α1
� 1 (see Lemma 5.2.17 or Theorem 6.12 of Y 2004).

Substituting these values into Theorem 2.1:

RApnλ1,w0q � chsMpλq � °n
i�1 2eririλ�ρ � eλ�ρ¹

αP∆�pp,tq

p1� e�αq ¹
αP∆�pk,tq

p1� e�αq
� °n

i�1 2eλ�iα1�ρ � eλ�ρ

1� e�α1

� °n
i�1 eλ�pi�1qα1�ρ � eλ�iα1�ρ

1� e�α1

� eλ�ρ � eλ�ρ�α1�ρ � � � � � eλ�pn�1qα1�ρ � eλ�nα1�ρ

1� e�α1
.

Irreducible highest weight modules: Let λ � �nλ1 for some n P Z�. Since λ is in the Wallach region,
taking n � 0 in the above formula:

chsLpλq � chsMpλq � eλ�ρ

1� e�α
.

According to Theorem 4.2,

1 � Pλ,w0
w0,w0

� sgnp�w0ρ, α1qεpHα1,n, s1qPλ,w
w0s1,w0

� δn
α1

Pλ,w
w0s1,w0

� Pλ,w0
w0s1,w0

by Lemma 5.2.17 or Theorem 6.12 of Y 2004. Substituting the values we have computed into Theorem 2.2:

chsLps1λq � RAps1λ,w0qps1λq � Pλ,w
w0s1,w0

RApλ,w0qpλq� RApnλ1,w0qps1λq �RAp�nλ1,w0qps1λ� nα1q� RApnλ1,w0qps1λq �RAp0λ1,w0qps1λ� nα1q
� �

es1λ�ρ � � � � � es1λ�pn�1qα1�ρ � es1λ�nα1�ρ

1� e�α1


� �es1λ�nα1�ρ

1� e�α1



� es1λ�ρ � es1λ�α1�ρ � � � � � es1λ�pn�1qα1�ρ.

Example 2: g0 � slp2, Rq. We may proceed as in the previous example, but substitute δα1 � �1 instead
of δα1 � 1.
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eµ eµ eµ�eµ�α1 �eµ�α1�eµ�2α1 � � �
λ1 2λ1 3λ1  

Hα1,1 Hα1,2 Hα1,3

eµ eµ eµ eµ � � ��eµ�α1 �eµ�α1 �eµ�α1 �eµ�α1�eµ�2α1 �eµ�2α1 �eµ�2α1 �eµ�α1�eµ�3α1 �eµ�3α1 �eµ�3α1 �eµ�3α1�eµ�4α1 �eµ�4α1 �eµ�4α1 �eµ�4α1

...
...

...
...

chsLpµq

chsMpµq µ

Figure 1. sup2q
Irreducible Verma modules: For λ P h� such that pλ, α_1 q P pn, n� 1q where n P Z¥0:

chsMpλq � RApnλ1,w0qpλq � °n
i�1p�1qn�i�12eririλ�ρ � eλ�ρ¹

αP∆�pp,tq

p1� e�αq ¹
αP∆�pk,tq

p1� e�αq
� °n

i�1p�1qi2eλ�iα1�ρ � eλ�ρ

1� e�α1

� eλ�ρ � eλ�ρ�α1�ρ � � � � � p�1qn�1eλ�pn�1qα1�ρ � p�1qn eλ�nα1�ρ

1� e�α1
.

Irreducible highest weight modules: For λ � �nλ1 where n P Z�:

chsLpλq � chsMpλq � eλ�ρ

1� e�α1
.

Since Pλ,w0
w0s1,s0

� p�1qn, we have

chsLps1λq � RAps1λ,w0qps1λq � Pλ,w0
w0s1,w0

RApλ,w0qpλq
� �

n�1̧

i�0

p�1qies1λ�iα1�ρ � p�1qn es1λ�nα1�ρ

1� e�α1

�� p�1qn�es1λ�nα1�ρ

1� e�α1



� es1λ�ρ � es1λ�α1�ρ � � � � � p�1qn�1es1λ�pn�1qα1�ρ.
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eµ eµ eµ�eµ�α1 �eµ�α1�eµ�2α1 � � �
λ1 2λ1 3λ1  

Hα1,1 Hα1,2 Hα1,3

eµ eµ eµ eµ � � ��eµ�α1 �eµ�α1 �eµ�α1 �eµ�α1�eµ�2α1 �eµ�2α1 �eµ�2α1 �eµ�α1�eµ�3α1 �eµ�3α1 �eµ�3α1 �eµ�3α1�eµ�4α1 �eµ�4α1 �eµ�4α1 �eµ�4α1

...
...

...
...

chsLpµq

chsMpµq µ

Figure 2. slp2q
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